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Chapter |1

FLUID PROPERTIES

1.1 FLUID MECHANICS AND IT'S BRANCIHLES

Fluid mechanics is that branch of engincering scicnce which deals with the behavior
of fluids at rest and in motion. The study takes into account (e various properties of Muids
and their cMects on the resulting flow patterns, in addition (o the forees acting between the
fluid and its boundaries. To explain observed fuid behavior and o predict (Tuid behavior, the
study and application of fundamental laws (conscrvation of mass, cnergy and momentum) is
essential.

Fluid mechanics may be divided into three branches: (i) Muid statics, which deals
with the cases in which the fluid is at rest and the forces on a fuid clement are in equilibriun,
(i) fluid kinematics, which deals with the velocitics, accelerations and the patterns of flow
without considering forces or energy, and (iii) fluid dynamics, which deals with the relations
between velocities and accelerations of Muid with the forees or cnergies causing them.

1.2 DEVELOPMENT OF FLUID MIECHANICS
Until the turn of this century the study of Nuids was undertaken essentially by two

groups-mathcmaticians and engineers. The mathematicians had altempted to oblain solutions
of many problems of fluid motion on purely theoretical basis, assuming an imaginary ideal
(frictionless or non-viscous) fluid. The results of such studies, without consideration of all the
propertics of rcal fuids, although very useful under certain circumstances and conditions, are
of limited practical usc. Thz body of knowledge thus gained is clissi ficd under the subject of
hydrodynamics. _ 35

On the other hand, engineers (hydraulicians) worked on empirical lincs. They turned
to numerous laboratory tests (experiments) and field observations on Muid Mow. From these
data, they developed empirical formulas in order o solve the everyday problems ol Muid
Mow. This branch ol engincering was given the name hydraulics. '

Empirical hydraulics was confined largely to water and was limited in scope. With
developments in acronautics, chemical engincering and the petroleum industry; the need
arose for a broader treatment. 1t was realized thal the two sciences developed by two basic
schools of thought working scparately should come together on a common platform for &
common purpose, i.c. there should be close relationship between theory and experiment. ln
1904 German Professor Ludwig PrandUl introduced the concept of a boundary layer which
bf{lyght together the two independent subjects. Prandil’s boundary layer theory explained the
t!:liu‘cucus i the behavior of real NMuids as observed by (he hydrdictans and the predictions
from the theory of ideal Nuids by classical hydrodynamists. The combination of theoretical
methods and cxperimental observations gave rise Lo rapid developments in the study ol NMuid
ﬂﬂiw phenomenon in many ficlds of engineering and this new subject came Lo be known as
fluid mechanics. '

It became clear to such eminent investigators as Reynolds, Froude, Prancitl and von
Karfnall'l that the study of fluids must be a blend of theory and experimentation, Such was the

. heglllﬂ!l}g _ol' (he science of fluid mechanics as it is known today. Our modern researeh and
test facll_Ittcs employ mathematicians, physicisls, engincers and skilled lechnicians, who
working in teams, bring both viewpoints in varying degrees 1o their work.

- 1.3HISTORICAL BACKGROUND

' L _:::IC i'll|)|};"l.l'j‘;l[‘|.0IIl of t_'luid :lucclmnics began in connection with (he |}1utinn ol slones,

b S and ai nw:m. '.*.Iup:-s wu.|11 _'{.Ill'iﬁ were used as carly as 3000 B.CL Trrigation systems have
een found in prehistoric ruing in both Bgypt and Mesopotamia, Aristolle (Ith century B, C)
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Studied the motjops of bodics in thin media and in voids. Archi
ouls. Archimedes (3rd centuey B~
fnrmu!a{_t;:d the well-known Jaws of floating bodies, oils. A es (3rd ceitury B, C)
1519) Cor]rzcilzlifgizc{:?t;l:;uﬁ:s \\'e!r]c build in the dth century B.C. Leonardo da Vinci ( 1452-
the science of inechitiee any flow phenomena. Galileo (1564-1642) conln.lmlr:d much to
and Gu;’;; .1:1?.':?!{] Isgsc}_oll;;g hydraulics included Gastelli (1577-1644), Torricelli (1608-1647)
rivers, (o Bttt l;md idcas coneerning the .S'IIL!{IEIJ_Y Mow umuinyny cquation in
inTivers came from ”mm“:ﬂr, é:Jc fmromc{_cr and some (|llil|llilll':u'(.‘. concepts ol fow resistance
Proposed that' flyid r'.:.s;is.[aI1 i i hl? well-knawn laws.u! . Newlon (1642-1727)
experiments on the d. fIce is proportional to the velocity gradient and he also made
1¢ drag of spheres,
o lgtr:;tﬁe:[ls:flelﬂﬁllica! sclzu?ncc. of ﬂ_uid nwchanfcs — hydrodynamics - was introduced by
i d'Alembcrty(F '?“atITIanS. Dame-l Bemoulli and Leonhard Euler (Swiss) and Clairaul
1827) and ' lrcnc 1). These were followed l.)y Lagrange (1736-1813), Laplace (1749-
4nc an engineer, Gerstner (17561 832) who investigated ideas on surface waves,

s def;!;;gglzllﬁl} I.:S[js" ?f the eig‘hteen[h century added much. These men in;ludcd de Pitot,
I i Dmrd(; l:'l-i:asurmg ve!ocm‘cs; F:‘h{:zyj who dcvclop‘ed a resistance Fqn_nuia

‘ ; 4 Who performed experiments related to the flaw through arifices;
Bn::.f:ul, who buill a tlowing tank and Venturi, who experimented with flow in changing cross-
scclions.

[n the 19th century, the Frenchman Coulomb (1736-1806) conducted tests and drew
conclusions regarding flow resistance; the German brothers Emst (1795-1878) and Wilkelm
Weber ( 1804-1891) conducted tests on wave motion; the French engincers Burdin (1790-
1873), Fourneyman (1802-1867), Coriolis (1792-1843) and the American engineer Francis
(1815-1892) contributed toward the development of hydraulic turbines; the Scotsman Russel
(1808-1882) conducted tests on waves, the German Hagen (1797-1889). the Frenchman
Poiseuille (1799-1869) and the Sazon Weisbach (1806-1871) did extensive work on pipe
flow; the Frenchman Saint-Venant (1797-1886) contributed to open channel hydraulics; the

~ Frenchman. Dupuit (1804-1866), Bressc (1822-1883) and Basin (1829-1917) and the

Irishman  Manning (1816-Y897) did extensive work in open channel hydraulics: the
Frenchman Darcy (1803-1858) did work on pipe Mow; and the Englishiman William Froude
(1810-1879) and his son Robert Froude (1846-1924) did extensive ship modcl “testing.
Osborne Reynolds in 1883 successfully conducted an experiment to distinguish belween

stream line flow and turbulent flow. ;
Classical and applied hydrodynamics were improved considerably during the 19th

century by Navier (1785-1876), Cauchy (1789-1857), Poisson (1781-1840), Saint-Venant
(1797-1886) and Boussinesq (1842-1929) in France; Stokes (1819-1903), Lord Rayleigh
(1842-1919) and Lamb (1849-1934) in Great Britain; Helmholtz (1821-1894) and Kirchoff

(1824-1887) in Germany.
At the end of the nincteenth century, theoretical hydrodynamics, based on Euler’s

cquations ol molion for an ideal (non-viscous) Muid, had reached a comparalively high level
ofdevelopment. It did not explain, however, many obscrved effects, sueh as the pressure drop
in pipes and thus practicing engincers developed their own empirical scicnce ol hydraulics.
These two ficlds - hydrodynamics and hydraulics - had much too litle in common at (hat
time. In 1904 Prandt] (1875-1953) in Germany introduced the concept ol a boundary layer, a
thin region adjacent to a boundary, in which the viscous cllects were dominant. This proved
to be the concept which vnified modern fluid mechanics: acrodynamics, hydraulics, pas
dynamics and convective hea transfer. It explained the differences in the behavior of real
fluids as observed by hydraulicians and the predictions from the theory of non-viscous fluids
by classical hydrodynamicists. Prandt! is properly considered to be the father of modern
fluid mechanics, '
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Progress during the 20th century has included both analytical and experimental

Studl‘fS O_f boun‘_iar}* laycr Flow, wurbulence structure, Tow stability, multiphase Mows and heat
ransfer in Mowing Muids.

1.4 SCOPrL OF FLUID MLECIHANICS - :

l{n_uwiutlgc nd understanding ol the basic principles and coneepts of Tuid mechanics
are cssential to analyze any system i which a Muid is the working medium, ‘The design of
virtually all means of transportation requircs application of the principles of fluid mechanics.
Included are aircraft for both subsonic and supersonic flight, ground effect machines.
ho-vercraﬂ, vertical takeoff and landing aircrafl requiring minimum runway length, surlace
ships, submarines and automobiles. In recent years automobile manufacturers lvave given
more consideration to aerodynamic design. This has been true for some time for the designers
of both racing cars and boats. The design of propulsion systems for space flight as well as for
toy rockets is based on the principles of fluid mechanics. The collapse of the Tacoma
Narrows Bridge in 1940 is the cvidence of the possible consequences of neglecting the basic
principles of fluid mechanics. It is commonplace today Lo perform model studies to determine
the acrodynamic forces on and flow fields around buildings and structures. These include
studies of skyscrapers, baseball stadiums, smokestacks and shopping plazas. '

The design of all types of fluid machinery including pumps, fans. blowers,
s clearly requires knowledge of the basic principles of (luid

mect}anics. Lubrication is an application of considerable importance in fluid mechanics.
Heating and ventilating systems for private homes, large office buildings and underground

lunnel.s and the design of pipeline systems are further examples of technical problem areas
requiring knowledge of fluid system. It is not surprising that the design of blood substitutes,

artificial hearts, heart-lung machines, breathing aids and other such devices muslt rely on the
basic principles of fluid mechanics.
Even some of our recreational endeavors are directly related to fluid mechanics. ‘The
slicing and hooking of golf balls can be explained by the principles of fluid mechanics.
Fluid mechanics is not @ subject studied for purely academic interest; it is a subject

with widespread imporlance both in our everyday experiences and in modern technology.

compressors and turbine

{.5 DEFINITION OT A FLUID AND ITS TYPE. '

A fluid is a substance which is capable of flowing and consists of liquids and gases
and vapors. Liquids possesses a definite volume which only slightly changes with
temperature and pressure and are practically incompressible. On he other hand, gases and
vapors possess 1o definite volume, ar¢ casily compressed and their volumes and pressures are
casily susceptible to changes in (cmperature. )

I'rom (he viewpoint ol mechanics, & Nuid is a substance U
under the application of a shear (tangential) stress no matter how small the glicar stress may
be and Muid motion results, Thus, the fluids at rest cannot sustain a shear stress. By
contrast, a solid undergocs a definite displacement when subjected 10 2 shear stress-up 10 @
certain limit (if it does not break completely) and regains its original shape and position as
soon as the external shear stress ithstand tensile,

: is removed. llence @ solid can W
"-_i_;-_:lmprcssive and shearing stresses up 10 certain limits.

sk The deformations of a solid (Fig. 1.1a) and a fluid (F
~ constant shear force F are considered. In Fig. |.ia, a the shear force
through the upper of two plates to which the solid has been bonded. W
?_!'PP’iﬂd to the plate, the biock is deformed as chown. From onr previe
¢ know that, provided the elastic limil ol the solid material is npl ey
';-_j?l.'_ﬂpi-‘)l‘iinnul to the :mpliccl chear stress, T /A, where A s e arcd nl

tnel with the plate.

al delorms continuously

ig. 1.1b) under the action ol a
is applied 10 the solid
hen the shear force F 18
1 mcechanics,

yus work B
(el

ceded, the e
the surlace M
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Fig. 1.1 Behavior of a solid and a fluid under the action of aconstant shear [orce

~ To repeat the experiment with a fluid between the plates, use a dye marker to outline a
fluid element as shown by the solid lincs (Fig. 1.1b). When the shear force ¥ is applicd to the
upper plate, the deformation of the fluid element continues lo increasc as long as the force i
applied. The fluid in direct contact with the solid boundary has the same velocity as the
boundary itself; there is no slip at the boundary (no-slip condition). The shape of the fluid
element at successive instants of times t, < t; < ta, is shown (Fig..1b) by the dashed lines,

which represent the positions of the dye markers at successive imces.

A fluid may be ideal or real. An ideal flui
its viscosity is zero. No resistance is offered when such a fluid flows. No such fluid exists in
nature. Real fluids arc those which have viscosity, surface tension and compressibility in
will exist and some frictional work

addition to its density. In a rcal fluid some shear stress
will be done. The assumption of ideal fluid helps in simplifying the mathematical analysis.

1.6 FLUID AS A CONTINUUM - :
A-fluid is composed of a very farge number of molecules continuously agitating and
colliding and the fluid properties like density, pressure, temperature,cic. are the outcome of
the interactions of large number of molecules. In dealing with flui
mathematical or analytical basis, it is necessary to consider that the actual molecular structure
is replaced by a hypothetical continuous medium, called the continuum. In most problems of
f the body through which flow takes place is quitc vast comparcd

fluid mechanics, the size 0
o the size of molecules and the flow contains a grcal many mo
se fluids may be considercd as continuous in which all propertics like

acceleration, pressure, tlemperature, cle. vary
wl space.

e

1.7 DENSITY AND SPECIFIC WEIGHT */\

ordinary conditions I
density, viscosity, specilic volume, velocity,
continuously through a Muid with respeet (o Lime

- . _'_.-—.-__
is given by
M ' -

(I.1)

— —;::' '
where p is the density (kgImJJ, M is the mass (kg) and V is the volume (m”). The density is a

fluid property, since it depends on mass which is independent of location. The density varie
- at 4°C i

with change of temperature and pressurc. The density o
_pressurc is 1000 kg/m?>. The density ol sca waler having i salinily-ol 3.3% is 1026 k m’ s

— e ™ f & ¥
T Ihe specilic weight or weipht density ol a Huid is the weight per unit volume. s

AR

4
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where y is the specific weight (N/m?), W is the weight (N) and o is the acceleration duc Lo
aravity (= 9.81 m/s?). Specific weight of fresh water at 49 and at mean sea level is 9810

N/m?.  ——

__—— The specific weight is not a (Tuid property since it depends on the acceleration due 10
gravity which change [rom place Lo place on the carth and on the other plancls. For liquids,
the effect of small pressure change on the specilic weight is practically nepligible, but it
changes considerably with variation of lemperature. For gases, the temperalure as well as E|IL‘-'
pressure affect the values f specific weight considerably. Therelore, the specific weight ol
gases is always givey with respect to some specified temperaturc and pressure.

Example 1.1 _
A certain owid weighs 29.42 kN and occupies 4 ', Determine ils specilic weight
and mass density. '

Solution Specific weight, ¥ = ;—;iz H_alﬂg@ = 7355 N/m’
Mass densilyy 2= A iﬁi = 749.75 k._;;fm‘
¢ 9.8l

1.8 VISCOSITY - |
OFf all the fluid properties, viscosity requires the greatest consideration in the study of
fluid HOWCW is the propeity of a fluid b}r_;wi&_e-l_iﬂ_which it offers resistance to shear
or angular eformation. Bo, the viscosity ol a fluid is a measurce of its resistance fo flow. Tt s
{he property of real flufds which distinguishes fhem from ideal or non-viscous fluids.

For a highly, viscous fluid at low velocities, the fluid flows in parallel layers and for
this type of flow,(Newton ostulated that the shear stress on an interface tangent to the
ﬁ_r_n_:_gtinn of flow is Yroportional to thgﬂwﬂﬂg&nhc ocity (or velocity gradient)
WM/M& Maihcmatically | -
rﬂ':—c-JIE or 1'-——;:&i (1.3)

dy dy 5
where the constant of proponianality p is known as the coefficient of viscosity or dynamic
viscosity or absolute viscosily or simply viscosity. Equation (1.3) is the Newton's law of
viscosity. Wwﬂlﬁ or kg/m.s. In the CGS system of ils,
(he unit of viscosity is poise and I poise = 31 N.s/im’. The viscosity ol water al W0'Cis |
centipoise or 0.001 N.s/m". =
e et

hy vel?_?iw
u roime:
4 P \7

U Ay

1 p
J %f—_—a
ﬂ AU

Fig.1.2 Velocity profile and velogity gradicnt
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The kinematic viscosily v is defined as the ratio of dynamic viscosily Lo densily, i.c.
imic viscosity o density, |
H (1.4)

¢ CGS system of units, the unit of viscosity is stoke and | stoke

ewton’s law of viscosity: In Fig. 1.3 a fluid is Placf':d BeRucen. e
closely spaced parallel plates. The lower plate is fixed and a shear force Fis appllﬂi'i‘at lhc
upper plate, which exerts a shear stress © = F/A on the fluid between the platcs, where A‘ o
the area of the upper plate. The force F causes the upper plate (o move *:w!h a slca,.dj_! IIUH-.Z.L‘;C‘?
velocity U. The fluid in the arca abcd flows to the new position fn'ft' d . each [luid Pf"m_b
moving parallel to the plate and the velocity u varying uniform Ily. from zero at ”l(‘.‘-.slillll.(?_l}?l.)f
plate to U at the upper plate. Experiments show that, other quantities being held constas, I1s
directly proportional to A and to U and inversely proportional to thickness t. In equation form

b v c ¢ —— s
oy 7
. / / L&
! 1 -
! . Yy
MﬁWﬁWW%WWW/WWW/M%/Mﬁ%W&% g |

Fig. 1.3 Deformation resulting from application of constant shear force

F-x—'%g or F:ﬂi{ilr . (1.5}
{

in which p is the proportionality factor and includes the clfcet of the particular fluid. Writing
1=F/A for the shear stress, -

T=p—
t

The ratio U/t is the angular velocity of the line ab, as it is-the rate of angular deformation of -
the fluid, i.e. the rate of decrease of angle pad. The angular velocity may also be writlen as
du/dy, as both U/t and du/dy express the velocity Ehangc divided by the distance over which
the change occurs. [However, du/dy is more general, as it holds for the situations i which the
angular velocily and shear stress change with y. “I'he velocity pradient tlua’ty. My alRo-be
‘visualized as the rate at which onc Tayer moves relative (o the ac-i;mcunl layer. [n d i);‘!{:r;.:nlinl

form S

S , it -
r=j— -
/ 0 ' 5

is the relation, betwegnAhe shear stress and the velocity gradient and known as the Newton's
law of viscasity.

ewtdnian and non-Newtonian Tluids: Fluids may be classificd as Newtonian and non-

tonian. The fluids which follow the Ncwt. ' of viscosity, given by | (1.3), arc
as ihc_ cwlonman Huids. Tor these fTuids there is a lincar relationship. between the

kifowin_as . P L T—— :

K ow_ ‘ ? agpiied shear stress (Iig-1.4) and the |t,.l,u.ngj rate ol deformation w s

1;1gmtudb ol 4 wd thin liquids like watcr, kerosene, air, cte. tend o be Newtonjan, The
cs e

constant. Gas o Nowlon's law of viscosity, given by Eq.(1.3), arc known as the .
s L BRI

uids which do not follow
6
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non-Newtonia i i
W___M%ﬂghmk, bliungdg,- chaine : ons like suspensions, solution of
3, ! mcrs, blood, ele. may be non-Newtoni:
.ele, nian.
H0me substances wh ‘

as plaTics YAn ideal I'miicnlzl-‘ ﬂQW ‘»""l[J_f ilf!i.:l“ the application ol some finite stress are known
dufdz ( {:onslanl}{liii: l‘l 4 1,:‘15 ; -du“m["f yield stress and a constant lincar relation of 1 lo
that is dependent lll)(JIl‘l:'IUIl:'i)‘[- -lhmulroplc substance, such as printer’s ink, has a -:rismsi[y
A Wl o ””“’a'f‘*wl!’ PrOFImEuTar dcTormation of The substance (ig. 1.4).
A (non-viscous) ﬂul_d has no viscosity. :WIIﬂI zero viscosity the shear stress is
Y§ zero, regardlcss of the motion of the Auid. An ideal fluid plots as the ordinate in Fig.

1.4

|
."" ,’
! i
A /
ff
E I
i Y
ra
/
s
/
’
2
x
A
aL_ =
J;:hsds_"l Shear slress v

Fig. 1.4 Viscous behavior of fluids

nffcet of temperature on viscosity: The viscosily of liquids decreases but thal of gases
increases with the increase in temperature. The viscosity of liquids is mainly duc Lo
intermolecular cohesion which decreases wilh the increase in temperature. In gases the
molecules are more free to move as the intermolecular forces between adjacent layers are
nearly negligible. Thus, there is a transfer of momentum between different layers of gases.
That is why, the viscosity of gases is mainly due to transfer of momentum of molecules.
When temperature is raised, the molecular activity increases. Consequently, more transler of
momentum takes place, as a result the viscosily of gas is increased with increase in

lemperature.

jIIE',Jmm]:‘h: I. . .
The specific gravity of water at 20°C is 0.998 and its viscosity is 0.001 N.s/m”,
Determine its kincmatic viscosity.

 Solution For water at 20°C, 11 = 0.001'N.s/m? and p = 0998 1000 = 998 kg/m’
R L TS '

P2 998

9 COMPRESSIBILITY"/( = _
. Fluids may be compressed by an external pressure applicd to a volume of fuid.

as__::;, however, are compressed by an external pressure to a much greater degree than

tigs.

The compressibility of a (luid is inverscly proportional to its bulk
. Consider fce is applicd to any (1uid so Lhal the volume OF L -

s by an amount AV. The decrease per unit volume is proportional o the forc

(i.e. pressure) of the fluid. So

is_of
nudgj}__.;.'. :
he Muid Y
er
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where K is the volume or bulk modulus of elasticity which has the dimcnsim‘ls ol prcssu!'u,
L. force per unit area {anﬁ} The value of K for water at any lemperature increases with

i e Nt ey e e : 0 5
pressure. At 20°C, it is about 2.19 [0 N/im” al atmospheric pressurg and it increascs lincarly

i - - 5 T~
t0 2.86x 10" N/m* at a pressurc of 1000 atmospheres. In this range of pressure at 200°C

K=(2.19x mq+6.?|:-} N/m? (1.7)

where p is the gage pressure in N/m?. Note that | atmosphere = 10° N/m” =10 Pa. o
Water is about 80 times as compressible as stee]. [t has a minimum compressibility at
For most practical problems, water can be considered as incompressible. But in case
of water flowing through pipes, when the sudden or larger changes in pressure occurs as in
water hammer, the compressibility cannot be neglected. .

In fluid mechanics, compressibility is considered mainly when the velocity of flow is
high, epbugh reaching 0.2 of the speed of sound in the medium.

ginple 1.3 .
The decrcase in volume of a certain mass of liquid is observed to be 1/500 of its

original volume when a pressure of 5000 kN/m?® is applicd on it Find the bulk moduins of
elasticity of the liquid.

Solution Here, AV /¥ =-1/500, p = 5000 kN/m’
___p_ 5000x1000

e =2:5x10° N/ m?
AVIV  =1/500

HESION AND ADHESION ,

Cohesion and adhesion are propertics of Muids which are the two lorms of malecnlar

alfaction. Cohesion is the property of a Huid by which molecules ol the sune Huid are
attracted. TRis properly enables the Tiquids To resist tensile stress,

' Adhcsion is a property of a [luid by which molecules of diflerent liquids arc altracted

to_cach other or molecules of a liquid a ther body. This enabics the two

different liquids to adherg, to each other or to a liquid to adhere to another body.
1.11 SYRFACEXPENSION

The surface tension is the property of a liquid which enables it to resist tensile stress.
¢ the Stei facie bgrw'éﬂﬂ a liquid apd a gas or .bciwcen two immiscible liquids, a film or
special layer 'seeﬁ'is to form on the liquid wlm?h is capable Of:rBS]Sllng a small tensl_lc stress.
This is duc primariljr o nmlcc_ular altraction hclw‘“_""'“ like rnt:!ccltlf;s (cs)hc:;llun_] and
molecular attraction beiwceen unhffu mulcfculu:i (ufillc.ﬁuf!}[ﬁh! L]u.: mterior ol a liguid the
: ive forces cancel, but al the lree suﬁ_&cc the liquid'c esive iq‘ccs from below exceed
fhcglzzij::sivc forces from the gas. So therc is a tendency for the liquid molecules to be drawn

%
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into the interj
rior and for :
for the surface to contract to a minimum area giving rise to the

phenomeno : ;
per unit |Gngtt%j:;?5%ﬁ§{l%ml' Itis dc§ignated by o and i?as tfw dimensions of force
drawn on the interf; 7 e orce may‘be conmdered to be in a direction normal to any line
S rlace and in the plane of the interface (Fig.1.5).
objects like dlfsti;i?:;::;:c:hs;\;i”n varicl}f' of phenomena. It cmables water to support smal
water surface. The IhlliI; s ¢, ete. S.nmll insects can alight on and able lo remain atop the
spherical. Surface fongi L.“(IOHS ol water (c.g. vain walcr) and the svap bubbles become
1sion leads Lo the phenomenon of capillary rise or fall in a narrow lube.

Surfacetension (0 )
per unit length
of line

Any ling
on interfece

Fig. 1.5 Surlace lension lorce on an interface

The surface tension of water in air at atmospheric pressurc is about 0.073 N/mal 20°C
and decreases slightly with an increase in air temperature. Surface tension effects arc
generally negligible in most engineering situations. However, they may be important in
problems involving capillary rise, the formation of drops and bubbles, (he breakup of liguid
jets and in hydrauliethodel studies where the model is small.

Cﬂpiilnrity: When a tube of small diamelter is dipped in waler,-the water wels the tube and
an upward concave surface (Fig. 1.6a). This is due to the rcason thal

the adhesion between the tube and the waler molecules is more than the cohesion between the
water molecules. But when the same tube is dipped in mercury, the mercury does not wet the
tube and depresses down in the tube with an upward convex surface (Fig. 1.6b). Thisis due to

the reason that the adhesion between the tube aid the mercury molecules is less than the

rises up in the tube with

cohesive forces between the mercury molecules( These propetties of adhesion and cohesion
of capillarity oy which a liquid will

tube when the tube is dipped in the liquid.

i addition to surface tension result in the phenol
rise or fall in a narrow

—— —
.-——'—H

e

P

(a) In water ' (b) In mercury (c) Contact angle

Fig. 1.6 Capillary risc and fall
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) i P . C P ) pends on
Contact angle « between a liquid and a colid is detined in Fig. 1.6(c). It -.I]L|In.rli b|:~,
1 s . SN ;“.t'.‘..L’h‘.:\
the cleanliness of the surface and the property of the liquid. When the conlael & :

o) Wher,

than 90°, the liquid tends to wet the solid surfac | capillary 11s¢ results (I_!s!b o
1ore than 90" the liquid does not wet the solid and capillary 5

the contact angle is | Tromeler or

occurs_(Fig. 1.6b), The capillary depression may al
manomeler using mereury as the gage liquid.

is the height of the capillary ri?::, s
le. @ is the foree of surface ension and
ater column h which acls
¢ of the force of surface

Capillary risc for water: Reler to Fig. 1.6(c). Let h
the diameter of the capillary (ube, a is the contaclt ang
cilic weight of water. Then, the weight of the w

y is the spe .
d by the vertical componen

downward is balanced by the force exeric
tension, i.c.

%dlhx}f =gxaxdcosa

or
Apenia (1.8)

)T e

pl -

. . - . . . 2 ' - i Z
["the tube is clean, = 0" tor waler and aboul 140" Tor mereury., 7or water, lokingue ~ 0.0

0.074 N/m, p = 1000 kg/m® and g = 9.8l m/s?, we have

4%0.074x1 3.02x107° (
)= n= I (1.9)
1000% 9.8 xd el

When d = 100 mm, h = 0.302 mm, when d = 10 mm, h =3.02 mm and whend = 1 mm, h =
30.2 mm. : '

When the diameter of a tubc or the head or the depth of flow is less than 6 mm, the
“ the surface tension foree is almost negligible. As we do not encounter such small

cifect
sions in fluid mechanics, surface tension forces arc not considercd.

dim

lationship between the pressurc intensity inside a droplet and the surface tension:
Consider onc-half of a spherical droplet of radius r (Fig. 1.7). Let p denotes the intensity of
pressure inside the droplet and o denoles the surface tension force. Then, the force of surface
tension acting outward on the circumference = o x 2ar*, and the pressure force acting inward

= px . For equilibrium, the two forces must be cqual and opposite. Therefore,

o
o

IFig. 1.7 Pressure intensily inside a droplel

10
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o
= m :[-)-:.:2;”.

2o
S J) T e / A0
r / (.10

So, the pressure intensity inside o droplet meseases with the decreist ul the sise ol the

droplet.

Example 1. )
A capillary tube having an inside diameter of 6 mm is dipped into water al 20°C.
Determinc the height of capillary rise. Take o= 30" and g = 9.3 i’

- - J
Solution  From Table 1.1, we have for water al 20°C, o = 0.0728 N/m and p =998 kg/m™.
. Therefore, we obtain

dacos 4 10"
h= °Z = % 0.0728 x cos 30 =4.29xlﬁ"‘m:==1.2‘}mm

pgd  998x9.81x6x10™

PROBLEMS AND EXERCISES
1.1 Define Fluid Mechanics. What are the three branches of Fluid Mechanics?

1.2 Define a fluid from the viewpoint of mechanics.

1.3 Write short notes on (i) mass density, (ii) specilic weight, (iii).flbsulut:: vi§c?§ily, (iv)
dynamic viscosity, (v) Newtonian fluid, (vi) non-Newtonian fluid, (vii) COIﬂprEESIblhlyf bulk

modulus of elasticity, (viii) cohesion and adhesion, (ix) surface tension, and (x) capillarity.

1.4 State Newton’s law of viscosity.

1.5 Explain why the viscosity of a liquid decreases and that of a gas Increases with increase in

temperature.

|.6 Explain why oil, when poured on water, sprcads inlo a very thin film on the watcr

surface.
1.7 Wrile the values of (i) mass densily, (ii) specilic weight, (iii) absolule viscosily, (iv)

" i ¥ * A i 1 5
dynamic viscosily, (V) bulk modulus ol clasticity, and (vi) surface lension for water al 20°C.

1.8 A liquid hasa viscosity of 0.005 Pa.s and a density of 850 kg/m’. Calculate its kinematic
viscosity.

1.9 A liquid comprcssgd in a cylinder has a volume of 1000 cm’ at | I~.fﬂ\h’m'2 and a volume
of 995 cm’ at 2 MN/m®. What is its bulk modulus of elasticity?

1.10 Calculate the capillary rise/drop in mm in a glass tubc of 4 mm diameter when immersed

in mercury at 20"(_3. The surface tension of mercury at 20°C in contact with air is 0).52 Nim,
the contact angle for mercury 1w 130" and the density ol mercury at 2C iy 13550 kp/m'.

1.11 An infinite Elatc is moved over a second plate on a laycr of liquid as shown (Fig. 1.8).
F:Dr Small.gap width d, we assume a linear velocity distribution in the liquid. The liquid
_wscns:ty is 0.65 centipoise and its specific gravity is 0.88. Determine (a) the kinematic

i1

Scanned with CamScanner



viscosity of the liquid, (b) the shear stress on the upper plate, (c) the shear stress on the lower

plate, and (d) the direction of each shear stress caleulated in (b) and (c).

3 9
1 A
A]—-hu —>W203mfs T S B
r
2 Scml
i 41| semg tm
' Y
> X '""”"J'”

Fig. 1.8 (Prob. 1.11) Fig. 1.9 (Prob. 1.12) Fig. 1.10 (Prob. 1.13)

1.12 The velocity distribution ina 5 cm radius pipe is given by (Fig. 1.9)

2
= 5[1 - L:J cm/s
23

where 1 is in cm. Find the shear stress al the pipe
centipoise. What is the resistance force per km length 0
wn in Fig. 1.10, which is a parabola having its

calculate the velocity gradient fory = 0,-0.25,0.50,0.75and 1 -
hese points if the fluid is water at 20°C.

wall if the fluid has 2 viscosity of 2
f pipe due to flow?

1.13 Assuming a velocity distribution as sho

vertex | m from the boundary,
m. Also, calculate the shear stresscs at t

FhkkkkE
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o | Do | e | e ) S
......... e e 10T DN L s
v 999.87 KL 0.0757 1,08

1 999.93 1.720 0.0755
2 999.97 1671 0.0753
3 999.99 1618 0.0751
4 1000.00 1.567 0.0749
5 999,99 1519 0.0748 2.03
6 999.97 1472 0.0747
8 999.88 1.386 0.0745
10 999.73 1,307 0.0742 2.0
12 999,52 1,235 0.0740
14 999.27 1.169 0.0737 2.14
16 998.97 1,109 0.0734
18 998,62 1,053 0.0731
20 998.23 1.002 0.0728 2.19
25 997.08 0.890 0.0720
30 995.68 0.798 0.0712 2.25
35 994.06 0.719 0.0704
40 992.25 0.653 0.0696 2.2
45 990.25 0.596 0.0689
50 080.07 0.547 0.0680 2.26
60 983.24 0.467 0.0661 2.25
70 977.81 0.404 0.0643 2.22
80 971.83 0.355 0.0626 247
90 965.34 0.315 0.0607
100 958.36 0.282 0.05689

Table L1 Propeeiies ol waler

Source: Van Rijn(1990)

‘Note: Values of surface tension re atmospheric pressurc

fer to the surface of water in air al
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Clapter 2

FLUID STATICS

21 INTRODUCTION °

Fluid statics considers the situations when the fluid is at rest. Hydrostatics deafs vy,
pressure of a liquid at rest. In a fluid at rest there arc no shear stresses and, according 1,
Pascal’s law, the pressure p at a point within the fluid is isotropic, i.e. equal in all directipg

The direction of pressure is always at right angles to the surface on which it acts.

The pressurc is calculated by dividing the normal lorce by the arca. It F represents ghe
fotal forcc on some finite arca A, while dIF represents the force on an infinitesimal arca (A
the pressure ar the intensity of pressure or the average pressurc is

_4F (2.1
dA
If the pressure is uniform over the total area, then :
5 - !
p=— (22)
A

In SI yhits, pressure is expressed in N/m? (Pascal) or kN/m’. . ‘

PASCAL’S LAW ;
The Pascal’s law gtates that the pressure at a point in a fluid at rest has the same I
magnitude in all dircctiané'ﬂlis law is applicd in the construction of machines used for large
lorces, ¢.g. hydraulic pres® hydraulic jack, hydraulic cranc, hydraulic rivetercte.

Fig. 2.1 Free-body diagram of wedge-shaped particle

(Io prove the Pascal’s law, a small wedge-shaped element of unit width is taken at the
point (x, y) in a fluid at rest (Fig.2.1). Since there can be no shear forces, the only forces are i
the pressure forces acting normal to the three faces and-thegravity force or the weight of the di
element acting vertically downward. For the equilibrium of the element, we have in the x and
y directions, the force equations
ZF[ =p,0y-p.&sin@=10 i

%)
Z F, = p,ox-p dscosO-y -—g-”: =)
. iII.W.l_lich Px Py and p, arc the average pressures on the three fices, ¥ is the specilic weight and =
~ pis ns_dcnsrty of the fluid. Using the geomelric relations
3 dsind=g  &cosd =& : i
the above equations simplify to ‘

- 2E-p.E=0

N
&

|

=
&

|

T

I
E——-
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The last term of the sccond equation is of higher order than the other two terms and
may be neglected. When divided by &y and d, respeclively. the cquations give

m=m=m> 23)

Since 0 is any arbitrary angle and the results arc independent of 0, Eq. (2.3) proves that the
pressure is the same in all directions at a point in a static fuid. Although the proof was
carricd out lor a two-dimensional case, it may demonstrated for the three-dimensional case
with the cquilibrium cquations for a small tetrahedron of fuid with three faces in the
coordinate planes and the fourth face inclined arbitrarily.

2.3 PRESSURE VARIATION IN A STATIC FLUID

Consider the forces acting on an element of fluid at rest (Fig. 2.2). The element has
sides 8x, 8y and &z in form of a parallelepiped with pressure p at its center (X, y, 2). Let the
pressure increases @ dplox, 8p/dy and dp/dz along the positive X, ¥ and z directions,
WSP*ﬁC[chl)’- The forces acting on the clement consist ol surface forces and body forces. The
forces which arc distributed over the entire mass ol the Muid are called body lorees. JFor the
clement considered above, the body loree is the gravily foree or weight of the Tuid clement
yOXOYOZ acting vertically downward from the center of the element. Surface Torees arc those
which et normal or tangential to a surface. In o static Muid. there is no stress (e.g. shear
stress) tangential (o a surface and the only force is the pressure lorce normal Lo a surlace.

Fig. 2.2 Rectangular parallclepiped clement ol Muid atrest

Taking the y axis vertically upward, the lorce exerted on the boltom surface normal Lo

the y axis is -

op &
— = )iz
(p Y 5
and the force exerted on the opposite face is
op &
=)oz
§P+ Py 2}

- where 8y/2 is the distance from the center to a face normal o y. Summing the Torees acling
on the clement in the y direction gives the resulting foree in the y dircetion as

Scanned with CamScanner




ap oy ' ap & .. .
F =(p-=—)&&-(p+-L288 — vie sz
y {p_ 6‘y2} (p ayz)r yéedy

= —@-a@ﬁz ~ ¥y
ay

A _ ill have
For the x and z directions, since no body forces act, we will hav

- W e .
.} F. :_%i&ray& F = u-a*;—a@d:
€/ % bt : in any direclion
f Since the fluid element is in static cquilibrium, the resultant force in any

: ich is volume of the
must be zero. So, setting Fy = Fy = F, = 0 sincc 8x8ydz, which Is the
parallelepiped is not zero, we obtain

@, @ @, @4
ax ! 3.

i : o ' i ends on y alone
Equation (2.4) indicates that the pressure is independent of x and z and it dep Y
and we can replace dp/dy by dp/dy and so
' 2.5
ijj)j =—y or, dp=-~pdy : ( }
liquation (2.5) is known as the fundamental cquation of luid statics. As the nrluniau.un ol the
- clement is chosen arbitrarily, it may be concluded that o3
i) pressure is same at every point in a horizontal planc (Pascal’s law), an

the positive y direction. " ) _ !
For fluids which may be considered homogeneous and incompressible, y is constant
and Eq. (2.5) when integrated gives

P=g ==~ ) | | S

where p is the pressure at an elevation y. For the case of a liquid at rest, it is convenient to
measure distances vertically downward from the free liquid surface. It h is the distance or
depth below the free liquid surface and il the pressurc ol air and vapor on the surface is
arbitrarily taken to be zero, Eq. (2.6) can be wrilten as

or L
}‘Lh “ B e

which is the hydrostatic law of variation of pressure, p is the increase in pressure ftom (hat at
the free surface and h is the hydrostatic pressure head measured vertically downward from

the free liquid surface. Equation (2.7) or (2.8) demonstrates that the hydrostatic pressure p
varies with h. :

It is obvious that the pressure can be expressed either as a foree per unit arca P, given
by Eq.(2.7), or as a height of the equivalent liquid column h, given by Lq. (2.8).

As there must always be some pressure on the surface of any liquid, the total pressure
at any depth h is given by Eq. (2.7) plus the pressure on the surface, |n many situations this
surface pressure may be disregarded, as pointed out in the following section,

From Eq. (2.7) it may be secn that al| points in a connected bod
fluid at rest are under the same pressure if they are at the s

- . surface (Pascal’s law). This indicates that a surface of equal
 horizontal plane. Strictly speaking, it is a surface everywh
-gravity.and is approximately a spherical surface concent
- purposes, a limited portion of this surface may be considere

- — R —

y of constant density
ame depth below the free liguid
pressure for a liquid at rest is a
ere normal to the direction of

ric with the earth. For practical
d a plane arca,

16
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% M
Ioxample 2.1

I},‘ X HITE b V i
" 1?.-."”"'.. ”1.'- H”L‘-“,‘”I\. ”‘ 1"‘.?1:‘““1 “r l"l “J 'lI“"l'I”' I'.'IHI“'l'
below the Tree surlhee,

O b i et ol dm

Solution We have, speeilic welpht ol oil,y = 0750817 EVAN N [T DAL

S Intensity ol pressure, p = yh = 7387500 == 2000 KN/

Example 2.2

fes g vy b v Tt ] . !
Determine the heipht of a water column cquivalent o pressiie ol 4 kA,

Solution We have, p o= d KNAn?, y = 9.8 kN’

) il f
'f..__l__. ._:”‘.'1' i

e }J ";.'.R I

¥ 2
ISOLUTE AND GAGE PRESSURLS \/’\/ :
TR

2.4 Al
,{, The_pressure_measured_relative to the loeal atmospheric o Baromelic pressue
knowhas the gage pressureNThis is because practically all the pressure ppes (i_m:lrunlwnt. [or
pressure measurement) -|:hm'r. ainl ensuien he
o amd e saceonnding

redister zero when _open o the abine

‘j_'_l_]}'l‘_-’_'l?.c__lmﬁ’f_“” the pressure of (he fuid 1o which (hey are conneele
air,
—  When (he pressure is sub-atmospheric e less than atmaspherie, the 1
than zero. 11ICT'i_:[':U_I'C,._.':'l_l_l_!'_-i'l_fIH()5|1_|IGI_‘IU |1?E.~Tm'|'|:£"i;f:'li-.!'n'-rry:l fo ns nepalive page pressie or
yvacuum or suction pressurc. A perfeet vacuuni, where there e no Muid molecules nll,
would correspond o absolute zero pressure,

A pressure measured with the absolute zero as a datun i culled the nbsalute pressie.
Absolute pressure has always positive value, On gage pressure seale, the local atmuospheric
pressure is zcro. The two scales of pressure measurement, the pape seale and the absolule

scale, arc related by

npLe pesneds Tesy

y i "V 29
Pabsolte = Patmuspheric F Ppape (2.9)
where ppge may be positive or negative, Figure 2.3 shows (he units and seales Tor pressie
measurcment.

Standard atmosplinee pressure

Local atmospheric pressure \M

B3

= Gcgntiun
% suction p Gage pressure
yvacuum
760 mm mercury a Local = 1
5 Pa ) :
o1ggke . o berometer [
_,E;' 3 Absolita pressur
i
Aasolole rara {eomplola ‘iﬂf;l.!l!!l!l'

Fig. 2.3 Units and scales for pressuic measwremenl
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Fi

~ Double Column or U-

: : S essure al sea level and amounts 1o
The standard atmospheric pressure is the mean pressure at :ac.‘. ru‘s‘\-l:lr‘-' varies witlh
760 mm Hg or 101.325 kN/m* or 1034 m waler. The u(mu.-;p‘hur.lb -P--li;l |||u|u::|'m\f|:giu'1l
altitude and, at a given place, varies from time (o time because ol changes
conditions. The abs :pressure ol the
The gage pressure is measured by a Bourden page. The ul.:-.::iult P :
' i ; r.
atmosphere is measured by a mercury barometer or an Aneroid barome

2.5 MANOMETERS \/

Manometers are devices that employ liquid columns to determine pressure or
diffeWressure. Manometers are of two types: !

i i - essure in a pipe
ACsimple manometer, usually called a piezomeler, measures lhe pres pip

or vessel full of liquid. , _ _ I —
lerential manometer measures the dlllurum;un!.prcxsnru between any two | ;

on a pipeline or on two dilferent pipes full of liquid.
Simple Manometer or Piczometer: The most elementary manomeler, called a p!CZUIIIClC.!',
is a vertical glass tube one end of which is open to the atmosphere and !he other cnﬁd is
connected to the side of the container containing the fluid whose pressure is to detc_rmmed
(Fig. 2.4). Liquid rises in the tube until equilibrium is reached. The pressure is then given 'hy
the vertical distance h from the meniscus (open liquid surlace) inside the tube to the point
where the pressure is to be measured, expressed in units of length of the liquid in the
container. The diameter of the tube should not be less than 10 mm to avoid crror duc to

capillary rise. If h is the height of liquid column in piczomeler tube in m ol liquid, the
intensity of pressure at A isgiven by :

pa=1 S R )
-__-—__‘_______
in N/m?,

where vy is the specific weight (N/m?) of the liquid.

(a) )

()

eter, and (c) U-tube

Fig. 2.4 Simple manometers: (a) Piezometer, (b) U-tube manom
manometer with a second liquid

' tube Manometer: [t is obvious that the piezometer would not work
for_ncgatwe £age pressure, because air wo

‘ : : _ uld flow into the container through the tube, It s
al_so_lmpraclu.:al for measuring large pressures g A, since the vertical twhe would need (o he
very large. I (he specific gravity of (e liquid is 8, (he Pressure al A s S anits length of
wiler, : i '

For measurcment of small negative or positjve BABC pressures in a liguid
column or U-tube manometer (Fi

a double
8. 2.4b) may be conveniently used. When

the gage pressure

18
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is negative, the menis "
. SCUs comes (o res '
Shes e u.l&lt..mm,:\ 1o rest helow A as shown. Since the pressure al the meniscus
0 SINCe pressure decreases with elevation,

h,==hS  units of le iqui
g A 1its of length of liquid (2.11)

—_ 2
P4 r{r, N/m ' (2.12)

where S is the specifi i o : . foged
6 inessiced. pecific gravity and y is the specific weight of the liquid whose pressure is to

¥ - Wi
ity ioglﬁ';(;gl;:d'ﬁ:gi;[’;“qgr FOSHWG gage pressurcs, a sccond liquid of greater specific
3 I the. specitic gr'lv‘h : I}.ul must be n'nm.mcahlc in the first liquid, which may now be a
T avity of the fluid A is S; and the specific gravity of the manomeler
q 2 cquation for pressure at A may be written thus, starting at cither A or the
upper meniscus and proceeding through the manomeler, ‘

hy+hS -hS,=0 or h,=hS,-hS, (2.13)
and
p,=m, : (2.14)
"
in which ha is the unknown pressure expressed in length units of water and hy and by are n

length units. _II A conlains a gas, Sy is usually so small that haS, may be neglected.
The tollowing is a gencral procedure Tor salving ol all manomeler problems:

s
e

tart at one end (cr 2any meniscus if the circuit is continuous) and wrile the pressurc
there in an appropriate unit or in an appropriate symbol il it is unknown.

dd to this the change in pressure, in the same unil, from one meniscus Lo the next
(plus iTThe next meniscus is lower, minus if higher). '

ontinue unlil the other end of the gage (or the starting meniscus ) is reached and
cquate The expression 1o the pressure at that point, known or unknown.

The expression will contain one unknown Tor a simple manometer or will give a

dilference in pressure (for a dill¢rential manomeler.

Example 2.3 ™
A U-tube manometer containing Hg (sp.gr.13.6) has its right limb opened to the

atmosphere as shown in the [igure. The left limb is full of water and is connected to a pipe

containing water under pressure. Find the pressure of
water in the pipe above atmosphere for the manometer
readings as shown in the figure.’

Solution Equating the pressure at 2-3, we have

b, x1+0.05x1=0.15%13.6

or,

h =0.15x13.6-0.05x1=1.99 m aof waler

opy = =9.81x1.99=19.52 kN /m*
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= pipr‘e\cl;:tt;!i)ﬁi:mlu‘:mulur -::unlalin.ing ||g_(.~.’p.gr. 13.6) is u.'.;ud to measure n-.-g,uh'vt_; Pressure
g5 g Waler as shnw_n In the figure. The right limb of the manometer is open (o

mospljere. Find the negative pressure below the
atmosphere in the pipe for the manometer readings as given
in the figure. l

Solution Equating the pressure at 3-4, we have
b +0.02x1+0.05x13.6=0
"l ==0.05%13.6-0.02x1 =070 m of water
~ =0.70 m of water (vacuum)
S P = =-981%0.70 = -6.867 kN / m?

MF{NHH (vacuum)
e N
Differentidl \Wanometer: A differential manometer (Fig. 2.5) is used to determine the

difference of pressure at two points A and B when the actual pressure at any point in the
system can not be determined. The two poinis A and B may be in (he same pipeline or in two

different pipes.
Y: or 32 ; Sl or .r3 |
2]
T l
ry or A, T
| 7 by
5

(a) (h)
Fig. 2.5 Diflerential manomelter

Application of the procedure outlined above o Fig. 2.5(a) produces

Pa=hrn —hy, +hy, = py (2.19)
or z
Pa= Py =hri+hy, =y, (2.16)
Similarly, for Fig. 2.5(h),
N Py+hy,—by,—hyy=p, of p,-p,==hy +thy, +hy, (217

- ‘No formulas for particular manometers should be memorized. Il is much more salislactory o
-~ work them out from the general procedure for cach casc as needed.
- .. If the pressures at A and B are expressed in length of the water column, the above

n be_'writ_t_c,n_, for Fig. 2.5(a), as

fzS-l-hlS —h,S_-f .un'i_ls o_flq':ngth of water ooy
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Similarly, for Fig. 2.5(b)

By ==y =S N DS, (2.19)

inwhich 51,524 T ; - Vi : g T
in which 8y, Sz and Syare the gpceilic gravities of the liguids in the system.

Example 2.5
I_Il (;h!;:]fll.llrc S‘hnwn, the liquids at A and B are water and the manometer liquid is oil
%PM%L o :1 ). (@) 1€y = 30 cm, hy = 20 cm and by =60 cm. determine pa = po-(0) 1y =
m* and the barometric pressure s 7oem of Hg (sp.gr.13.6), find the pressure al Ainm
of water absolute.

Solution
(a) I, = 03x 1 =02x 0.8 0.6x 1./,

Vol =hy = 03x1+02x0.8-0.6x% 1= = (.14 i of waler

s PPy =y =) =-981x0.14= —1.373 kNIm2: =—=13T3N1m’
50

b h. = _.f_ﬂ_ =—2== .
(b) = 71 5.097 m of waler

hg (abs) = hp (gage) +0.76 x13.6= 5.097 + 10.336 = | 5.433 mol water
», From (a), hy(abs)= hp(abs)—0.14 = 15.433 — 0.14 = 15.293 mof water

arge pressure differences, @ heavy
| pressure differences, a light
vill not mix

Manometer Liquid: FFor mcasuring high pressures or |

liquid such as mcrcury (sp. gr. = 13.57) is employed. For smal
fluid, such as oil, or cven air, may be used. Naturally, the liquid must be one that v

or react chemically with the fluid whose pressure is to be determined.

ROSTATIC PRESSURE FORCE ON SUBMERSED PLANE SURFACES

Total Pressure Force on Submerged Planc Surfaces _
Consider a plane surface MN acted upon by a liquid ol anit weight y . The surface
makes an angle 0 with the horizontal (Fig. 2.6). Consider the surface MN Lo be made upofan

infinitc number of horizontal strips cach
having an arca dA and a width dy so small. S
that the unit (or intensily of) pressurc of a
strip may be considered constant. The unit
pressurc on a strip at depth h below the
frec surface and at distance y from the line

S-Sis

p==psin0 (2.20)

The total pressure force on the strip is

dp = ysindA (2.21)

and the total pressure [oree on MN is

IFig. 2.0 Pressure on 2 plane surface

21
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A
Iy
] Hl‘l’)f_]r“’,j (2.22)

(1]

From (e detinition u!'u.t:nh.-rn['[-r.'wi[y

A
J’f!{f : .ffy
uf (2.23)
where 7 is the diciannn :
ere p s the distance of the center of gravity ol A from the line S-S, Henee,
P=ysind Ay K[E.Ed] |
Since the vertical depth of the center of gravity below the surface is 5!
h = jising . (2.29) I

it follows that

Py (2.26)
where y I represents the unit (or intensity of) pressure at the center of gravity of A,

Thus, the total hydrostatic pressure force on any plane surface is equal tg the
product of the arca of the surface and the unit pressure at its center of gravity, /

Fotal preSsure force on a horizontal surface: The total pressure force on the horizontal
surfdeoA(Fig, 2.7) is piven by

(2.27)

where v is (he specific weight of the liquid (N/m’), A is the arca of the surface mAand Jr =1
is the depth of the horizontal surface from the free liquid surlace (m).

-~

= 1

7+ T

Fig. 2.7 Horizontal immerged surface Fig. 2.8 Vertical immerged surface i

T ) 't_s'l_lji;_jf_.'s.'i_'lll*c_ foree on a vertical surlace: The otal pressure Turee on the vertical surlace s

en by e Gty

(2.28) ;
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where ¥ is the specilic weidaht ol the liquid {N!m‘]. A is the arca ol the wurlice (m?) and Ao is
the Iree liguid surlace (m).

the depth ol the cer gravity of the immerged surlice From

Example 2.6
A rectangular tank having a basc 5 m long and 2 m widc contains water up to a depth
of 2.5 m. Calculate the total pressure force on the hase ol the ==
tank. /
&1
=

Solution  Area of the base of the tank, A =5x 2= 10 m?
Depth of the base from the water surface, h=25m 26 m
Specific weight for walter, y = 9.81 kN/m*
Hen ce, the to#4l pressure force on (he base - '1,"‘3
P=yhid=A.81x25%10= 24525 kN oS

Example 2.
A circular door of 1 m diameter closes an openil

which retains sea water. The center of the opening is at a depth of 2
Determine the total pressure force on the door. Take the specitic gravity of

we in the vertical side ol a bulkhead,
m from (he water level.
sea water as 1.03.

Solution  Area of the door, A = nd¥4 = x 134 =0.785 m? = x
Depth at the center ol the door from the water |

surlace, 1 =2 m ' - s
Specific weight for sca water, ¥ = 08lx 103 =

10.10 kam".p i ! | l
Ilence, the total/pressurc force on the door im =

> = y TiAf/=10/10% 2% 0.785 = 15.365 kN |
. A

ale whose base is | m and altitude is 1.3

Example 2.8
at an angle of 60° to the fiee

Find the total pressure forccon a triangular pl
m as shown in the figure. The plane of the plate is inclined

surface of water. .

Solution  Vertical depth of C.G. ol the plate from the

waler surlace .
=2 +-§—x | 5 xsin 60° = 2+ 0.866 = 2.866 m
|
Area of the plate, A = o 1x1.5=0.75 m’ o

Specific weight for water, 1 = 9.8 KN/m’
Hence, the total pressure force on the plate

p=yhA=981x2866x075=2107 kN ~

Center of Pressure of Submerged Planc Surfaces
‘The inlensily ol pressurc on an immerged s
depth. ‘As the pressure is greater over the lower part ol the surlace, the resultant pressure

force will act at some point which is below the center of gravity ol the immerged surlace and
towards the lower edge of the surface. The point through which the resultant pressure force
acts is known as the center of pressure and is always expressed in terms of depth from the

- “free liquid surface.

urlace is not unilorm, bul increases wil

23
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e

of pressure of a planc surface subjected (o hydrostatie \
letermined by taking moments of all the forees scting on the surfice abcyy
axis in' its plane, In lig. 2.0, the line S-S may be twken as the axis o :
momc_nts for the surface MN. Designating by ¥p the distance to the center of pressure from |
the axis of moments, it follows from the definition of the center of pressure that

be position or the center
Pressure may be
some horizonia|

Py, = [yap (229) l
or
dP
B, = L):p— (2.30) |
But, as in the previous article ' {
dP =y ysin @ dA (2.31)
and I
P=ysin0Ay (2.32)
Substituting Eq.(2.32) in Eq.(2.30), we obtain !

ysinﬂfyzd/t Iyzrfd I
- ysin0Ay Ay _BT

Fi

(2.33) E

where Iy is the moment of mertia or sccond moment of arca of MN about the axin S-S [rom
which y is measured and Ss is the static moment or first moment of arca of MN about the

same axis. |
We know from the theory of parallel axis that

Ah? ' |

fy=I +4y* =1, +— (2.34) '

L R ¥ sinteg : t

where I, is the moment of inertia about an axis passing through its center of gravity and
parallel to OS (Fig. 2.6), ¥ = distance between the liquid surface and the center of gravity of

i
the area along MN and 4 is the vertical depth of the center of gravity of the arca from the frec
liquid surface. Obviously, :
B i
=- 2.35
sin¢ S
IT by is the vertical depth of the center of pressure of the arca from the free liguid
surface, then .
Issing (1, + 4p? I
h,=p, sing==: =[-£ siné = ysin@+ —-sing 236
o Sy Ay 4 Ap (=) a
Since h = ysin@, we obtain
b TN R -
h,=h +-'—"_-_-_sinz'6 \/,V/ ; (2.37) #
_ fic above rclationships for Ij,‘,-dn_ nal contain any term for specific weight ol liquid.
herelore, lh_:.f cenler ol pressure will remain the same [or all liguids, ! o
oo In Equ2.37), iF 0 = 0, then it becomes the case of horizontal plan surface and the
,‘_ -cuf;:_lj_{:i‘gi‘;n{i_!y,_:m;l_lhc center of pressure coincide., L el
. Yor verlical plang surfaces, 8 = 90°, and Eq.(2.37 ) gives _ j-
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Also, Eq. (2.37) indicates that /1, > /1, i.e. the center of pressure is always below
the center of gravity of the arca and

- T
¢= J'I'H -l =—sinty (2.3%)
Al

Table 2.1 The center of gravity (C.G.) and the moment of inertia (1) of some surlaces

et L S ————————————— S PR P S

SI. No. Surface C.G. lrom basc - Ik | from hnsc_
. X! . ',;1
[.Triangle I h b hiit
3 36 12
h :
—— s ____Ih H
I bh’ ﬁ‘_

Rectangl
2.Rectangle —T' ! ! :

——————— VTP T LDtk
P———— DLl DR

Example 2.9 o _ i
p)\ rectangular gate which is 2 m wide and 1.5 m high is ina vertical planc. The watci
=

surface coincides with the top of the gate. (2) Find the foree exerted b}f i_hc walcr on lh; g:;;u
and the position of the center of pressure. (b) If the same arca Is immerged \‘ETIIC-il ;
downwards, the top side being at a depth of 3 m below the firee surface, find the force exerte

by the water on the gate and the position of the center ol pressurc.

Il
3

Solution T : 2
[5m.
()  Total pressure force, P =y hA L ., %
Here, y = 9.81 kN/m’ fe—2m-—y
- h=152=075m E
. A=2x15=3m" ' l .
o P =y A =9.81x0.75x3=22.07 kN jo
“This is the force cxerted by the water on the gate. VOIS

25
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D“-’P[h of center of pressure below the free water surface

- 3 ¥
homheLa07s5e 202 Gae, BXLS e noselm
Ah AR 12x3%0.75

(b) Total pressure force
P=yhA=981x(3+0.75)x3=110.36 kN
and the position of the center of pressure below the free water surface is

3 3
oh i +ﬁL§-'— =375+0.05=3.80 m
12%3x3.75

— fc
h,=h+-5-=375+
Ah

Example 2.10
A triangular plate of 1 m base and 1.5 m altitude is immersed in water as shown in the

figure. The plane of the plate is inclined at 30° with the free surface of water and the base is

parallel to and at a depth of 2 m from the free :

surface. Find the total pressure force on the plate

and the position of the center of pressurc.

Solution  Total pressure force, P = y hd
Here, y = 9.81 kN/m?

!-:-=2+-1-3£sin30° =2+0*5x-2i—=2.25 mn

=°Lx!xl.5 =0.75 m*
2

L P=yhA=981%x225x0.75=16.55 kV

The position of the center of pressure below the
frec waler surlace is given by

g f| — 1 . I' I . Lf]
h,=h+—5sin*0=h+ i £363||120:2.25 e R
: Al Ah 36x0.75x2.2

=225+0014=2264 m

2.7 FORCES ON SUBMERGED CURVED SURFACES :

_ In case of a submerged plane surface, the forces acting perpendicularly on all the
strips have the same dircctions and form a system of parallel forces. But in case of a
submerged curved surface, all the strips do not lic in the same planc and the Torees, though
perpendicular to their respective strips, do not form a system of parallel Torees. Due Lo this
reason, the magnitude of the total force and its point of application (i.c. center of pressure)
cannot be determined easiiy by the methods explained carlicr, However, the same can be
conveniently obtained by calcufating the horizontal and vertical companents of the resullant

 or total pressure force, which are then combined together to give the total force on the curved

surface. : . '
; Consider a curved surface AB immersed in a liquid.
_ Let BC be the vertical projection and AC be the horizontal
_-_:-';i projedﬁon of the curved surface (Fig. 2.9). The horizontal
 force Py will be the total horizontal pressure force on the
ojection BC of the curved surface and wilf act through the
iter-of presstre of the surface. The vertical foree Py will _
(] weiwlit of the liquid in the portion ABC and will \

al-weig : _
[ -"%éhh:l' of gravity ol the volume ABC.  ~ Fig. 2.9 Resullant pressurc ona

curved surface -
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'HIL‘ I'U"'ullll' i .

v ant ol P“;"'“J 1* 5 - . L
. . wil s = result: d { a1 aeting un the curved
Ceurliee, e, ¥ I e the resultant or total foree 1" acting onl

P = m ] (2.40)

he inclination of the resultant force with the horizontal w is given by

(2.41)

Example 2.11

_ I{il)‘l‘iljd the lt}'la! pressure force acting on the gate per m length, which is a quadrant of
a mrlcu ar a.ylu;dcr of radius 2 m, as shown in the ligure. (b) At what angle will it be acting to
the horizontal? (c) Prove that the resultant force passes through the hinge C. {4f Give the
reason why the resultant passes through the hinge C.

Soluiic-'n (a) The horizontal force Py; due to water is the force
on vertical projection of AB, acting at the center of pressure.
Therefore,

ﬂ,=yﬁA=lMMx%xQxU&2mmtg

perm length acting at depth
= de _ A 1

h,=h -4-——1‘==j,+bh "i_|2=|+“‘2 12

Al Ah (1x2)x|

from the free surface.
The vertical component of the resultant pressure force acting on the curved

ax2!
4

per m length acting vertically upward through

Now, the center of gravity of a quadrant of a circle

4x2
xzi}i = - 22 -0.849 m
37 3m
from B as shown in the figurc.
Therefore, the resultant force acting on the gale

P=[P2+ P} =+2000" +3140" =3720 kg

per m length,

=1333 m

surlace is

P, =yV =1000x( x1) =3140 kg

the center of gravity of the volume of waler.
is located ata distance of 4R/3x from B.

(b) The angle which the resultant force makes with the horizontal is

a=tan" L tan™ 3149 =tan™ 1.57=57.5"
L 2000

)

(¢) The sum of moments ol the forces Py and Py about Cis
I x!:'u - P, xx=2000x1.333 ~3140x0.849 =0

Therefore, the resultant force passes through C. [//

(d) Since the pressure forces at all points act perpendicular to the circular gate AB, so the line
of action of their resultaret pass through C.

=] ;..'-. ‘J ll_ 3 27
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L8 PRACTICAL APPLICATION OF HYDROSTATICS

In the ficld of engineering, the principle ol hydrostatics is lI!I'I'/.t:lf 10 deteryin.
hydrostatic pressure exerted on a hydraulic structure, The hydraulic structrgy are \T the
gates, weirs, lock gates, masonry walls, dams, cte. Thus, the study of the Sll!}'jcu'I'-""d"ﬁsltalng
B

is of much importance while designing all types of ydraulic structurcs.

PROBLEMS AND EXERCISES

2.1 State Pascal’s law.

2.2 Derive the c.\'prcssim{ for pressurc in @ static Muid and show that the pressyr, is

independent of x and z, and depends on'y only.

2.3(a) Define absolute and gage pressures. What is the relationship between them?
(b) In a neat sketch, show the units and scales for pressure measurement.

2.4(a) Derive the expression for (i) the total pressure force on a submersed plane surface, and

(ii) the center of pressure of a submerged plane surface. ‘ |
(b) Explain why the center of pressure is always bclow the center of gravity of a

submerged area.

2.5 State the use of (i) manometer, (ii) piezometer, (iii) dilTerential manometer, (iv) mercury
barometer, (v) Burdon pressure gage, and (vi) Ancroid basometcr.

2.6 State the name of a manometer liquid. What is the criterion for sclecting a manomeler
liquid? :

2.7 Determine the depth of water which will produce a pressure intensity of 100 KN/’

2.8 What is the pressure exerted in kN/m* at a point | m below the free surface of waler (or
by a I m vertical column of water)? '

2.9 The atmospheric pressure is 760 mm of [lg (sp. gr. = 13.6). Convert this pressure (i)
cquivalent depth of water, and (ii) kN/m®. :

2.10 A cylindrical water tank 10 m in diameter and 15 m high is filled with water. Delermin®

. (i) the intensity of pressure at the bottom of the tank, (ii) the total pressure force O the

b, !}otlom, (iii) the maximum, the minimam and the average

. Intensities of pressure on the vertical wall, and (iv) the total
- pressure force on the vertical wall, ;

L0

I'1 A U-tube manometer is connecled to a conical vesscl
lown in Fig. 2.10. The reading of the manometer when

: s emply is shown in the figure, Find the reading
1en the yessel is completely filled with
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2.12 A trgpegoida{sugﬁmc shown in Fig. 2.11 is immersed in a liquid of specilic gravity 0.8
at an inclination of 30° to the free surface. Find the hydrostatic forec on it.

—']—— -—T G
4. K

IYig. 2.12 (Problem 2.13)

Fig. 2.11 (Problem 2.12)

2.13 A vertical triangular lamina is immeised in water wilh the side AB coinciding (he waler
surface as shown in Fig. 2.12. A point D is taken in AC such that

the pressure forces on the two areas ABD and DBC are cqual.

Show that AD:AC = 1:4/2. Water level
2.14 A rectangular gate 6 mx2 m is hinged at its base and inclined ¥
at 60° to the horizontal as shown in Fig. 2.13. The upper end ol the
al o 5500 kg attached as ;
FEESTT

patc is kept in position by a weight W equ :
shown. Find the level of water, when the galc begins to fall,

neglecting the weight of the gate and friction at the horizontal

pulley.

Fig. 2.13 (Problem 2.14)

215 Delermine the total pressure force acting on the curved gate AB, perm Ia.:ngth._nﬂmiul1 is
the quadrant of a circular cylinder of radius 1 m as shown in Fig. 2.14. Also, determine the

angle which the total pressure rorce makes with the horizontal.

—— i m—— —
-
—— e T
e

Fig. 2.14 (Problem 2.1 5) Fig. 2.15 (Problem 2.16)
alc is subjected (o waler pressure as shown in Fig. 2.15. Determine the

2.16 A tainter g
re forces acting on the face ol the gale.

“horizontal and vertical pressu

29
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2.17 A roller gate of cylindrical form 3 m in diameler has a span of [0m (f'l';!- 12 IG).IF"M' the
magnitude and dircction of the resultant pressure foree acting on the cylinder, when it is
placed on the dam and the water level is such that it is going (o spill.

Fig. 2.17 (Problem 2.18)

Fig. 2.16 (Problem 2.17)
aceording : relalionship y =
haped according 1O [I?L rc |
]lz{jincd by the dam is 12 m. Find the
ssure on the dam. :

218 The curved face of a dam, relaining waler, 15 5
x¥4, as shown in Fig. 2.17. The height of water rc i
magnitude and dircetion ol the resultant force duc o wa

dedckR kR K

R EICCL BRI BN IE)
STUDENT PHOTOSTAT

ﬁmarfﬂv_?m?. CAFITTR ister ST /e, Fif
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Chapler 3

BUOYANCY AND FLOATATION

body immersed partially or fully in a fuid experiences a vertical upward force.
known 35 the buoyant force.§The tendency of a submeiged body to risc in a fluid because ol
e buoyant force, which ophoses the downward force of gravily or weight of the fluid, is
known as Duoy: :)1 he magnitude ol the buoyant force can be determined by the

31 IN"&\OUUCT[ON
A

Archimedes’ principl

The Archimedes’ principle states that when a body is immersed wholly or parlly ina .
fluid, iis buoyed (or lified) up by a jorce equal to the weight of the fluid diplaced by i
body. T e
e

tp6f: Let a body be immersed in a fluid of constant specific weight y. Divide the body into
a large number of vertical prisms (Fig. 3.1). Consider an elementary vertical prism of cross-
sectional arca dA. -

3.2 AI¢HIMEDES' PRINCIPLE VV
T

e

Farce acting upward on the bottom ol the prism ” T ..«
bdA b
= pdd = yh,dA (3.1)
. hy
Force acting downward on the top of the prism
r = p,dd = yh,dA 32
PI ﬂl ( ) -.—"L_.
. Net upward force on the prism bidA
dP, =y(h, — h)dA = pdV £3.3) Fig. 3.1 Archimedes® principle
where dV is the volume of the prism.
.. Total upward force or buoyant force
P, = ;/J‘a"V =yV ' (3.4)

where V- is the total volume of the body. Obviously, yV is the weight of the (Tuid displaced by
the body. Hence, it is proved that the buoyant force is equal to the weight of Nuid displaced.

The buoyant force is vertical and acts through the center of gravity of the displaced
fluid. The point of applicgtion of the buoyant force is known as the center of buayancy.

_ ‘A body can beAnade to float (i) by decreasing the weight of the body, the volume
remaining the same (.. a submarine), and (i) by increasing the valume o the 5oy, b
remaining the same fe.g. a ship). |

- Example 3.

A block of wood 4 m-long, 2 m wide and | m deep is floating horizontally in water. I
the density of wood is 700 kg/m”, find the volume of water displaced and the position of the
center of buoyancy.

31
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Solution  Volume of block ==4x2x | =§ m*
Weight ol block = §x 700 = 5600 kg,
Now, since the block ol wood Noats in waler, so
Weight of block = weight of water displaced
= density of water xvolume of water displaced

Weight of block i} 5600 o

Density of water 1000

Volume of water displaced : 56 07 m
Sectional area of block X2

*. Volume of water displaced =

Depth of immersion of the block =

buoyancy = 921 =0.35 m lrom basc

Fxample 3.2 '
A submarine has a total enclosed volume of 1000 m?. 1T it weighs 500 tons, calculate

the volume of water to be pumped into the submarine in order that il is submerged.

Solution V= 1000 m’, W = 500 tons = 500x 1000 kg = 500x 1000x9.81 N=

500 9.81 kN=4905 kN (.. | ton = 1000 kg)
Upward or buoyant force on the submarine = weight of water displaced

ol
B Pu=yxV =9.81x 1000 =9810 kN
F
|

Since W < Py, the submaring is Noating. The minimum volume of waier o he pumped
so that it may result in sinking ol the submarine

_ 98104905 _ (00

. 1\/</
3.3 METACENTRIC HEIGH I

Vhenever a body, floating in a liquid, is given a small angular displacement, it slarts
oscillating about some point. This point, about which the body starts oscillating, is called the *f

metacenier. : 2
Ok H
oz YH G
‘_fl O3/l | B g $
[ G ; | “Pi
.f" B B'| ! ) W B
Ll |."
& \1;-'""'-—-4' - Al :
EMAND ;
(@) (b)
Fig. 3.2 Metacenter
When the floaling body is at rest, b.oth the center of gravily G and the center of 4
buoyancy B lie in the saine vertical line (Fig. 3.2). Also, W and Py act through the sanic
vertical line, but in oppositc dircction. If the body is slightly tilted by a small angle of heel 0. x

dic center of gravity remains the same, but the center of buayancy will change to By, The

. | 1
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line passing through the new center of buoyancy B is called the melacenter. 1he distance
between the center of gravity G of the Noating body and the metacenter M fcalled the

melaceniric .-‘uwnhr.
I'he metace e |'|t.:ighl ol a |'||_1|;|[ii;-'|\|3|I |}|_u|_y 15 0 ;“ﬁl{ measure ol ils }il:l|‘.|i|ii}’. I the

metacentric height is more, the body will be more stable, “The metacentric height ol different
ships may vary from 0.3 m (o 3.6 m.

point of interscetion M of the original vertical linc passing through B and G ““t:: vertical
l

Consider a ship floating in water. Let the ship be given a clockwise rotation through
angle 0 (Fig. 3.3). The immersed section has now changed [rom acde to acdier.
The original center of

buoyancy B has now changed to a e ——
new position By. The triangular
wedge Oam has come out of
water,  whereas  the  triangular
wedge Ocn has gone under waler.
Since the volume of water
displaced remains the same, so the
two ftriangular wedges must have
the cqual areas.

The triangular wedge Oam
has come out of water, thus
decreasing the force of buoyancy
on the left, therefore it tends fo
rotate the ship in an anticlockwise _ o
direction. Similarly, as the triangular Fig. 3.3 Metacentric height

: ne under water 23
::zigiicgzgil?gfhfiomc oFbuoyanc;’ on the right, therefore it again ten® to rotate the ship in

an anticlockwise direction. So, these two forces of buoyancy willj form a couple which TE'”
tend to rotate the ‘ship in an anticlockwise direction about 0. If 0 is very small, then the ship

may be assumed to rotate about the metacenter M. . »
Let I be the length of the ship, b be the width of the ship and V be the volume ol
water displaced by the ship. From the geomelry of the figure, we find that

am=ch= El?— (3.3)
- 2

small

where 0 is in radians. _2
I h bO Lo

Volurjc of wedge of waler Qam = = ® 3 x —2—:4 l= 5 (3.6)
: hol (37)
. Weight of this wedge of water = :
where y is the specific weight of water.
2, .
The arm of the couple = Eb . Thereforc,
hol 2 ol ,
Moment of the rotating couple = 4 ® 5 ¥ LITH (3.8)
and
: ;:M.omcnl of the disturbing forcc = £, Bl = ¥V x B, . (3.9)
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Equating these two moments, we obtain

yb’01
12

=yxVx BB, (3.10)

Substituting /6" /12 =/ and BB, = BMx0 in the above cquation, we gel

Y10 =yxVxBMx0
Br=L |
“BM=F . (3.11)

\;.rhcrellg. the moment of incrtia of the plan of the ship about the longitudinal axis passing
through O.

Now, the metacentric height (Fig. 3.2b) is

| GM = BM + BG 5 (3.12)

where lllc +sign is (o be used i'G is below BB and - sign is (o be used i G is above 3.
. Equation (3.11) is strictly valid for small angles of heel 0, i.e. when 0 is up to 10”. The
righting moment is (Fig. 3.2b) '

CR. M.=W. GM.sin 0=7.V.GM.0 (3.13)

A ship is 20 m long, 10 m wide and 4 m deep. It has a draft of 2.5 m when floating in

an upright position. The center of gravity of the ship is on the axis of symmelry, 0.5 m above E
the water surface. Compule (i) the metacentric height, and (ii) the righting moment, when the

angle of heel is 10°. ' '

3 3 -
Solution I= % =210 _ 166667 m*

V =20x10%2.5 =500m’ f
BM i 190097 4 333 m ;
14 500 [
BG=0.5x25+05=125+0.5=175m :
Since BM > BG, so G is above B and !
GM=BM-BG=333-1.75=1.58m .
R. M. =¢.V.GM.0 = 1000x9.81 x500x |.53x%=|3526|2.?2 N-m !
3.5 CONDITION OF EQUILIBRIUM OF A FLOATING BODY :

: By equilibrium (or stability) of a submerged or a floating body is meant its lendency
either to return to or go away from ils original position, when slightly disturbed. Therefore, a L

~body, when slightly disturbed, may or may not return Lo its original position.

e A submerged or Noating body can have three possible conditions ol equilibrium (or

stabilily): stable, unstable and neutral. sr
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Stable cquilibrium: A “body is said to be in a stable cquilibriam, il it returns back o its
‘This happens when the

original posilion, when it is gjven a small angular displacement.
metacenter (M) is higher hanAhe center of gravity (G) of the Noating body.
Unstable equilibrium? A body, is said to be in an unstable equilibrium, if it does not return

back to its original position, Avhen it is given a small angular displacement. This happens
when the metacenter (MYisAower than the center of gravity (G) of the floating body.

Netft'ral equilibrium: A body is said to be in a neutral equilibrium, if it occupies’a ncw
p-:'.-smon and remains at res in the new position, when it is given a small angular
d.splaccms’nt. This happgns ¥hen the metacenter (M) coincides with the center of gravity (G)
of the floating body.

Example 3.4
A solid cylinder of 3 m diameter has a height of 3 m. It is made up of a matcrial

whose spf:ciﬁg gravity is 0.8 and is floating in water with its axis vertical. Find its
metacentric height and state whether its equilibrium is stable, unstable or ncutral.

Solution  Depth of immersion of the cylinder=0.8x3 =24 m
- Distance of the center of buoyancy from the bottom of the cylinder

OB=2;4=1.2 m
2

and the distance of the center of gravity from (he bollom of the eylinder

oG = 1 =15m
2
~BG=0G-OB=1.5-12=03m
Now, the moment of inertia of the circular scction
' ax3 8z i —
64 64 64 =
and the volume of water displaced

= %x P2 x24=54r m

'.-.Bm=i: 8T _ 0234 m
¥ 0dx5.4m

So. the metacentric height
GM =BM -BG =0.234 —0.3=-0.066m

The — sign indicates that the metacenter (M) is belo
Therefore, the cylinder is in unstable equilibrium.

PROBLEMS AND EXERCISES

3.1 State Archimedes’ principle.
3.2 Define metacenter and metacentric height.
3.3 Derive the equation

BM=I/V

35
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il et the conditions [or them.
1.4 Deline the three types ol equilibritim or sability and stale the co
| s e with 179 of its volume
3.5 A rectangular block ol 100 emx 50 cmx 50 em Hoats I waler wilh _
being out of water. Find the weight of block.

i ity 0.75 is floating in water.
‘ block 4 mx1 mx0.5 m and of specific gravity
o fic weight 2500 kgfln], that

aelrmine the volume of: conerete of specific : S
may be placed on the block which will immerse (i) the oc
completely in water, and (ii) the block and the concrete completely in
waltcr. ‘\fLAN
Ba::m-"
@\ solid cylinder 36 cm long and of 8 cm diameler has a bd&(.. I em i \
thick and of specific gravity 3,fgs shown in Fig. 3.4. The remaining part !
of the eylinder is of specific gravity 'OIEfrDc:lcrminc i it can [Toat '
vertically in water. 3em | GF
3.8 A rectangular pontoon is 7 m long and 3 m wide. The weight of the ¢ | '
1em~ } '

pontoon is 30 tons. Determine the position of the center of gravily
above the base of the pontoon such that it does not overturn in still

water. Take the specific volume of water as 0.1 m*/kN.
Fig. 3.4 (Problem 3.7)

oo ok ok ke
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Chapter 4

RELATIVE EQUILIBRIUM OF LIQUIDS

4.1 INTRODUCTION \/V

_I_“ the previous chaplers, liquids have been assumed to be in equilibrium and at rest
both with respect to the earth and with respect to the containing vessel. In this chapter, we
consider the condition when every particle of a liquid is at rest with respect to every other
particle and with respect to the containing vessel, but the wholc mass, including the vesscl,
has a uniformly accelerated motion with respect to the carth, The liquid is then in equilibrium
and at rest with respect to the vessel, but it is neither in equilibrium not at resl with respect to
the earth. In this condition, a liquid is said to be in relative equilibrivan. Since there is no

motion of the liquid with respect to the vessel and no movement between the fluid particles
themsclves, there can be no friction. '

4.2 YESSEL MOVING WITH CONSTANTLINEAR ACCELERATION

Vessel Moving Horizontally

If a vessel partly filled with any liquid moves horizontally along a straight linc with a
constant acceleration a, the liquid surface will assume an angle 0 with the horizontal (Fig.
4.1). To determine the value of 0, consider the forces acting on a small mass of liquid M at
any point O on the surface. This mass is moving with a constant horizontal ElCCE:|E:rﬂt'I0n a and
the force P, producing the acceleration, is the resultant of all the other forces acting upon the
mass. These forces are the force of gravity W, acting vertically downward, and the pressure
of all the contiguous particles of the liquid. The resultant P of all lht,j pressure product:f.l by
these particles of liquid must be normal lo the [ree surface AD. Since lorce cquals mass times
acceleration,

pamasl? @)
g

and from Fig. 4.1 '
P=Wtan0 (4.2)

From these two equations, we obtain

tanf=2 (4.3)
g

Fig. #1 Vessel with horizontal acceleration

Since O was assumed 1o be anywhere on the surface and (he values ol a and g are the
same for all points, it follows that tan @ is constant at all points on the surface, or, in other
words, AB is a straight line. . §

The same valuc of © will hold for a vesscl moving to the right with a positive
acceleration as for a vessel moving to the left with a negative acceleration or a retardation.

To determine the intensity of pressure al any point b at a depth h Lelow Ihuhlrcu
surlace, consider the vertical forces acting on a verlical prism b’ (IFig. 4.1). Since therc is no

acceleration vertically, the only vertical forces acting are atmospheric pressure al A, pravily
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‘an ; : . :
d,éfi :lhe Upward pressure on the base of the prism at b. Hence, if the cross-scctional arcq jg
» N

PdA = yhdA + pdA
or '

Po=th +p, ' [ (44)
or, neglecting the atmospheric pressure which acts throughout
Po=7h (4.3)

Thercfs:)rc,. in a body of liquid moving with a horizontal acccleration, the relative pressure al
any point is that caused by the head of liquid directly over the point, as in hydrostatics. In this
case , however, all points of cqual pressure lie in an inclined plane parallel to the surface of
the liquid,

In Eq. (4.3), i a =0,4an 0 = 0. In other words, il'a vessel moved horizontally with a
constant velocity, the surfge€ ol the liquid would be horizontal,

~ n open rectangular tank 4 m long, 2 - \

m wide and 1.5 m deep contains water uptoa I Y

dcp.th of 1 m. (a) If the tank is moved I:Srn‘} ' f-
horizontally parallel to its length with an - l _L : -8 _i i
RIS |y, X m

acceleration 3.27 m/s?, calculate the volume
of water spilled out during the motion. (b)
Also, calculate the forces acting on each end . ;

of the tank and the accelerating force on the o ) e {
Huid motion.

Solution (a) Volume of water in the tank before it is accelerated =4x2x | = § m’

Slope of the liquid surface after it is given constant acceleration

3.27

9.81

paenn

tanf =

0y |
L | —

; 4
.. Rise of water level on the end of the tank = slope x halflength = jlx E:% m

.. , 2
.. Water level on the rear end = initial water level +rise =1 + 5= [.667 m

This level is greater than the height of the tank, i.e. [.667 m > 1.5 m, so a volume of water 3
will spill out of the tank. Now, as water will be contained in the tank up to a height of 1.5 m
on rear end and the slope of the water surface will remain the same, i.e.tan 8 = 1/3, so

Depth of water at frontend = 1.5 - 51 x4=0,167 m

-~ Volume of water retained in tank = (I—'S—Jrzo'ﬂ) x4x2 = 6,667 mYs

. Volume of water spilled out during the motion = 8 « 6.667 = 1.333 m’/s 4
B > . . B ]'5
=3 (b) Force on the rear end lace, Iy = y lid = 9.81 L x1.5%2 =22,07kN l
38 -
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Farce on the front end fice, I5y ‘,,;;,; 081 0.167 A016722 = 027kN
2

S Aceclerating force = = [F) - 5, = 22.07 - 0.27 = 21.80 kN
Alternatively,
Mass of walcr remained in the tank = 6.667 x 1000 = 6667 'kg

Accelerating force on the fluid mass = Mea = 6667x3.27=21800 N =21.80 kN

Vessel Moving Upward
~ Consider the forces acting on a vertical prism of liquid 64" of height h and cross-
sectional arca dA (Fig. 4.2). The force P, producing the acceleration, is the resultant of all the
forces acting on the prism, consisting of gravity equal to yhdA, acting downward, and the
pressure on the lower end of the filament at b, equal to pydA, acting upward. Therefore,

P= phd/j—]'"h[ffl = Ma - ?’hdfia
g
from which
p, =yhtyh< =y h(1+5) (4.6)
& £
‘This shows that the intensity of pressurc at any point within 2 #H______b'_ -
liquid contained in a vessel having an upward acceleration a is |7 = T~ —1— =
greater than the static pressure by an amount cqual o yhalg. X
Evidently, if the acceleration were downward, the sign of the last _i
ferm in the above expression would become negalive, i.c. b
a
a
p.=yh=rh— 4.7)
&

Fig. 4.2 Vessel with vertical acccleration

el containing any liguid-fall freely, the pressure will be

Now Wrﬂ—‘

zero at all points throughout th

Lprok)

ﬁ n open rectangular tank 8 m long and 5 m wide contains an oil of specific gravity

0.90 up to a depth of 2.5 m. Determine the total pressure force on the bottom of the tank,
when the tank is moving with an acceleration 4 m/s’, (a) vertically upward, and (b) vertically
downward.

Solution 7= 0.90x9.81 =8.829 kN/m’
(a) When the tank is moving upward

Pressure at any depth h from the surface of the liquid

4
p=yh(l+3) =8.820%2.5% (1+—=) =31.0725 kN /m"
g 9.81
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)
Arca ol the bottom of tank = 8 x5 = 40 m

= Total pressure foree on the bottam - 310725240 - 12429 kN
(b) When the tank is moving downward

Pressure at any depth h from the surface of the liquid

4

p=yh(1-2)=8829x25x(l -5 = 1307 i
g .

tal pressure force on the bottom = 13.073x40 = 522.90 kN

h

SNESSEL ROTATING ABOUT A VERTICAL AXIS -

When the vessel shown in Fig. 4.3 is at rest, the surlace of the liquid is horizontal and
at mn. The form of the surface resulting from rotating the vessel with a constant angular
velocity @ radians per second about its vertical axis QY is represented by m'b'n". Consider
the forces acting on a small mass of liquid M, at a, at a distance r from the axis QY.

Since this mass has a uniform circular b
motion, it is subjected to a centripetal force, C =
Ma’, which produces an acceleration directed
toward the cenler of rotation and is the resultant of
all the other forces acting on the mass. These other
forces are the force of gravity, W = Mg, acling
vertically downward, and the pressure exerled by
the adjacent particles of the liquid. The resultant
force F of this liquid pressure must be normal to the
frce surface of the liquid at a. '
Designating by 8 the angle between the
tangent at a and the horizontal, we have

ar

dr (4.8)

which, when integrated, becomes

(4.9)

4

The constant of integration cquals zero, because when r cquals zero h also equals zero.
Since hand rare the only variables, Fa).(4.9) s an equation of parabola and the liquid
surface is a paraboloid of revolution aboul the Y axis. As the volume of a paraboloid is cqual
to onc-halF that of the circumseribed cirele and sinee the volume of lguid within the vesel
has not changed, '

[g. 4.3 Vessel rotating about a vertical axis

|
b'b :_bﬂ} f: nnl
e
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e L imesty VEIZOC'U" ataisv = @r. Substituting v for @r in Eq.(4.9). we oblain

?

= (d.110)
W!“CI;" lm'{:;lns that, any point on the surface of the liquid will ri
paraboloid a height equal to the velocity head at that point, and this head is kn
centrifugal head.

To dFtcrmin_c the relative pressure at any point ¢ at a depl
surface at ¢’, consider the vertical forces acting on the prism cc’

area dA. As this prism has no vertical acceleration, Ty = 0and  p,«/

p.=rHh

s¢ above Lthe verlex ol the
own as Lhe

I A" vertically below the

having a crqss-scctiunal
=y I'dd. Tenee,
(.11)

t is that caused by the head of liquid directly over the
of pressurc on the bottom of the vessel is
It also follows that the
re filled to the

That is, the relative pressure at My poin
point, as in hydrostatics. Thepéfore, the distribution
represented graphically byhe vertical ordinales to the curve m'h'n’
total pressure on thg sidgs of the vessel is the same as though the vessel we

level m'n" and we rotating.

Example 4.3
An open cylindrical tank 2 m high and 1

m in diameter contains 1.50 m of water. (a)
What constant angular velocity can be attained
without spilling any water? (b) What are the
pressures at the bottom of the tank at the center
and at the walls?

Solution  Volume of paraboloid of revolution

% volume of circumscribed cylinder

N |-

L

x%xﬁx(n.sm )

M| —

If no liquid is spilled, this volume equals
the volume above the original waler level A-A,
or

| & 2 T2

—x=x1*x(0.50+ = x1*x0.5

2% ( M) 4

which gives
y1=0.5m

Thus, the point on the axis of rotation drops by an amount equal to the rise of the

liquid at the walls of the vessel.
From this information, the x and y coordinales of point B arc respectively 0.3 m and 1

m from the origin. Then

w’

e
24
or

e SIS

2x9.81
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o

or
1 2x 981
(]

=—="78.48
0.5
Tm = K80 radly

The depth at the center ol the tank C is 1 m and at the walls 1) the depth is 2 .

~AtC p=1h=9.81x1=98 kN/n*
S AtD, p=9h=981x2 = 19.62 kN/m?

PROBLEMS AND EXERCISES
4.1 What is meant by relative equilibrium ?

4.2 Show that when a vessel moves horizontally with a constant acccleration, the water
surface assumes a straight line, and the points of equal pressure lie on an inclined plane
parallel to the surface of (he liquid,

4.3 Show that if a vessel containing any liquid falls freely, the pressure will be zero at a]
points throughout the vessel.

4.4 Show that when a vessel containing a liquid rotates about a vertical axis, (he liquid
surface is a paraboloid of revolution, and the point on the axis of rotation drops by an amount
equal to the rise of liquid at the walls of the vessel.

4.5 An open rectangular tank 3 m long, 2.5 m wide and 1.5 m deep is completely filled with
water. (a) If the tank is moved horizontally with an acceleration of 1.5 m/s?, how many liters
of water will spill out of the tank? (b) Find the total force at back and front ends of the tank
after the spilling of the water out of fank. '

4.6 A closed rectangular tank 10 m long, 5 m wide and 3 m decep is completely filled with an
oil of specific gravity 0.92. Find the pressure difference between the rear and front lop
corners of the tank, if it is moving with an acceleration of 3 m/s’ in the horizontal direction.

4.7(a) An open rectangular tank 4 m long and 2.5 m wide contains an oil of specific gravily
0.85 up to a depth of 1.5 m. Determine the total pressure on the bottom of the tank, when the

lank is moving with an acceleration of &2 mfs%, (i) vertically upward, and (i) vertically
downward.

(b) Same as Problem 4.7(a), but now the tank is moving with an acceleration of g m/s’, (i)
vertically upward, and (i1) vertically downward.

4.8 A cylindrical tank 2 m high and 1 m in diameter containg 1.5 m of water, What are the
pressures at the bottom of the tank at the center and at the walls when the tank rotates al a
constant angular velocity'of 6 rad/s ? :

4.9 A cylinder 15 cm diameter and 37.5 ¢m long containing waler is rotated aboul its vertical
- axis at a speed of 320 rpm so that a portion of water spills oul. If (e cylinder is brought to
< rest, what would be the dcp[h_nl waler in it ?

ok ko ko
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Chapter §

FLUID KINEMATICS

5.1 INTRODUCTION
Kinematics is
the ¢ R Co .
i i Cvslodty anﬁcomcn y of motion, Thus, the kinematics of fuids describes the
acceleration of fluid particles) without considering the forees

which caused that i i
motion. Kinematics is i [ ,
e s ntones lics is important because it can explain many uid

52 DESCRIPTION OF FLUID MOTION \/V

VclOcilyAa:{;":C(S;‘;i:‘l‘;?]lfi‘::ll:i;ir:nul'mrnlz:lc number n_l' particles, c:u::h of which has ils own
complete snalysisiof ﬂuic'! i may change both with respect Lo ljfuc andl space. S, I_'or a
ot various points and t ion, it is necessary to observe the motion of the (uid particles

P and times. Two methods are gencrally used for the mathematical analysis of

the fluid motion:

: L{grﬂngian,mclllod: [t deals with the study of the flow pattern of the individual particles.
In this method, the path traced by the particle under consideration is studied in detail.

@Enl_urmu method: 10 deals with (he study of the flow
<fultancously as they pass lixed poinls in space. I this method, the

particlss at one scction and one time ares

wern of all the particles
paths traced by all the

(udicd in detail.

The gencral example, to explain both the methods, is the study of movement of a
number of vehicles on 2 busy road.Thc Lagrangian method deals with The st yof the
movement of only one vehicle through a specified distance. The Gulerian method deals with
lie study of movement of all the vehicles on the road at one seetion and at one instant.

The Eulerian method is commonly used because of its mathematical simplicily.
Morcover, in Fluid Mechanics the movement of an individual fluid particle is nol of much

importance.
%5.3 TYPES OF FLOW LINES
2 Whenever a fluid is in motion, its particles mave along certain lincs depending upon
d suitable lo describe the Nuid motion.

he flow conditions. The following lincs are considere

aced by a single fluid particle m motion is called a path line. s, the

Path Line? The path Ir
f the velocily of a particle al suecessive instant il time.

path line shows the dircction ©

Stream Lin€: Yhe imaginary line drawn in the Muid such that (he tangent at any pointon the
line indicatesdhe direction of velocity of the fluid particles al that point is known as @ stream
line (Fig.5-1). Since at any point the velocity is tangential to the stream line, so e

always 7cro. Thus, there can e no

component of velocity at right angles 10 the stream line is
wo streamlines can cVer Cross one another, {

flow occurWs a strcam line. No L
" clement of Muid bounded by a numbcer of strecam lincs which confine the
is zero, S0 N0

Streamtube:
flow is called a streamtube (Fig. 5.2). pince (he velocity normal to a stream line
flow can enter Of leave the streamtub® except at the ends. Therefore, streamtube behaves like

a solid tube.
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Fig. 5.2 Streamtube

iRAL TYPES OF FLUID FLOW

Slows arc classilicd on the basis different crileria as follows:

Steady and Unsteady Flows b o S :
arameters like velocity, densily, viscosity,

Flow is said to be steady il the flow p
pressure, surface tension, temperalure, cle. al a particular pos
with time. Mathematically, if P denotes a flow parameter, then for steady flow

ition in space do nol change

P _ (5.1)

ot

0 for fixed position in space

In steady flow, the path lines and the strcam lincs coincide.
Flow is said to be unsteady if the flow paramcers al any p

change with time. Mathematically, for unsteady flow

% %0 for fixed position in space - (52)

articular posilion in space

dform and Non-uniform Flows
A uniform flow is one in which the
at every point in space. Mathematically, for uniform flow
ryp ..-—Er—-'“ CL b

oP .

—=0 &W fixed time

7 ds .

/" where s denotes the dircction in which flow occurs.
A flow is said to be non-uniform if the flow parameters at any instant change wi

distance. Mathematically, for non-uniform flow
b

5

flow parameters at any given instant ren_i_:_liu sn_inc
(53)

th

20 for fixed time (54)

/

offipressible and Tncom pressible Flows
A flow in which the volume and thereby the density of the fluid change appreciably

during the flow is called a compressible flow. Gascs are mostly compressible.
. A ﬂ.ow in which th_c volume apd thereby the density do not change appreciably during
the flow is called an incompressible flow. Liquids are generally considered to b
* .. incgmpressible. ,

btational and Irrotational Flows
A flow in which the Muid particles rotate aboul their own mass centers while flowing.
ular velocity normal 1o Ihe plane of motion, is called

uid articles d alate about their own mass enters while Flowing anc
[ orientations is called an irrofational low

_j.e. have some ang
- flow in which th
etain their origina

s A.rl-
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One, Two aitd Three-Dimensional Flows
Inla Cartesian (X, y, z) coordinate system, the Tow pum#netcrs like velocily, pressurc,
ctc. may have components along all the three coordinale aXCs: One-dimensional llow is the.
In Iwu-{limcnsinnal

one in which the flow parameters :'ll'c_['].l_n-:;tim_ls,_nI”_qll_n::_gpgrdiq_ntc only\In
and in Troc <dimensional fTow the

M&; paramelers are functions of wo coordinales
(low parnneCii e lunctions of three coordinate dircetions. ) < o be noted that onc, WO
md three-dimensional lows can be cither steady or l.tll,‘%l(.‘;ttg depending upon whether the
flow parameters change with time or not. Thus, iV is the velocity ol a (uid particle, it can

be expressed mathematically as follows.

Steady onc-dimensional flow: V = ((x)
Steady two-dimensional flow: V = f(x,y)
Steady three-dimensional flow: V = f(x,y,z) Unsteady one-

Unsteady one-dimensional flow: V=I{xl)

Unsteady two-dimensional [low: V =[xy,
dimensional flow: V= f(x.y.zd)

5.5 DIFFEREE\IT TYPES OF DISPLACEMENTS OF FLUID ELEMENTS
Any fluid clement can be translated, rotated or distorted during its course of molion.

Correspondingly, theAdisplaccments of fluid clemenls arc called (i) translation, [ii}_rolalion.

and (iii) distorlign t delormation.

dircction. For cxample, in Mow
is simply moved (rom its original
ation does not causc any

ove bodily in some
lement of fluid

Translation™¥The {luid clements m
(Fig. 5.3). A purc transl

through pipes of constant diameter, any €
position to another position after some time

stress in the element.
y g ,‘.51.‘
A D A D e
. 1 ¢ ‘\
ORIGINAL |, | | POSITION N Y
POSITION~ ! ¥~ AFTER ‘1.‘ e
¢ TIMEdI /&
: L L~
o C B~ C A B

Fig. 5.4 Purc rotation of Nuid element

Fig. 5.3 DArc £nslation of [uid element

n jn Fig. 5.4. [ere, rotation of AB and AD arc in the same

Pure rotation 1S show
no slress is caused in the fluid clement.

Rotation:
se. In pfre rotation,

direction, i.c. anticlockwi

“he distortion is of two Lypes: Kaptular distortion (Fig. 5.3),

Distortion -
and (iiY vélume or linear distortion (Fig. 5.6).

r‘ e 'I
1 I,

i
| ~ELCMENT
AFIER
TIME([1+d1]

S ——

ELEMENT AT
ANV TIME °F

[Fig. 5.6 Volume distortion of fuid clement

Fig. 5.5 Angular distortion of fluid element
bolh in the anticlockwise and clockwise
remaining the same. In

The angular distortion consists of rotations
fuid clement, the

directions (0 is anticlockwisc and 0, is clockwise in Fig. 5.3), volume
volume distortion, volume is changed (Fig. 5.0). In casc of distortion ol a

stresses arc produced in it.
45
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5.6 ROTATION AND VORTICITY -

A llow is said to be rotational if the fluid particles rotate about their own mass
centers. [f u, v and w are the components of the velocity of a fluid particle at any pointin the
flow in the x, y and z directions, respectively, then the rotation about X, y and z axes ar

given by
o, wLfon B : v (5.59)
2\ 8y oz
I(on ow) ;
eyis] e 5.5b
O 2( z axJ ol
g = BE O ' (5.5¢)
2\0x oy
where the subseript x for @ is used for the rotation about the x-axis, the motion being in the y-
zplane.

The resultant rotation vector @ is given by

7= \Jol 0l +o? (56)

Vorticity is cqual to twice the rotation. Therefore, the vorticity vector designated by

Q is given by
Q=2 ' (5.7)
The three components of vorticity are therelore i
' ow &
Q,=20,=22_2 (5.8a)
oy Oz
Q=20 =2 2% _ | (5.80) -
0z Ox =
6) : ;
Q, =20, = . (5.8¢) |
ox oy . )
For irrotational flow, the net rotation is zero, i.c. @ = 0. This implies thal R
0=y =0,=0 , _ (5.9 g [
or :
4=Q,=Q,=0 . (5.10)
which gives the condition for irrotationality as : !
Ow Qv Ou_ Ow Ov_0du

oK o O OV OU (5.11)
dy 0z 0z Ox &x dy ,

The rotation of fluid particles will always be associaled with shear stress. Henee, ]
fluids of more viscosity where shear stress plays an important part arc all rotational and Muids
of less viscosily, e.g. water and air, are of irrolational Lype.

The circulation refers to flow around a closed path. Itis denoted by I. The relation i
between vorticity and circulation is given by

—

Q=— ! 512 !
A e i
,or

o r=ad 61 -

1.e. vorticity is the circulation per unit arca. The units of circulation is then rad/sxm® = m%s. i

© Example51 : A
st The velocity components at a point in a flow in the X, ¥ and z dircctions arc
respectively u=a--by—-cz,v=d-bx-ezand w="f+cx - ey, where a, b, ¢, d, e and farc

arbitrary conslants. Docs it represent rotational flow? If so, determine rotation and vorticily. J

40 F|
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Solution The components ol rotation are

o = EL_'?.*.:]:_'_|_._
o2y O '.'.‘.'L {ei b=y
L

r =2\ % ax]*'il"cﬁ“"lz_“
" =lf_‘31ﬁ§_}ﬁ]=l1'_; !
=3la gy T2l

- 2 2 2 AT TR Y
a =, 4 1'!.'-"I + &J: = ﬂ{) + {*-(.‘)2 +(~—f}}1 = J{_)I e C! rml,"s

Since @ # 0, the flow is rotational and @ = bt ¢ rad/ls. Now, since vorticity = 2xrotation,

S0
Q, =2w, =0, Q,= 2w, =-2¢c, Q, =2, = -2h

A L

f Q= QI QI+ QF =407 +(=20)" +

p—

At +et radls

57 EQUATION OF STREAM LINE _
In order to know the type of fluid motion, it is requircd 10 derive the equation of

strcam Iinc((_Jonsidcr a stream ling OA in a (wo-dimensional Tow and let the velocity ol a

fluid particle at point O be ¥ having its components u and v in the x and y dircctions,
respectively (Fig. 5.7). After a time dt, the distance moved by the particle in the x and ¥

dircctions will be y
f S s
udt =dx and vdt=dy Y
Then, A
dx :dy =udt: vdt=uzv
or :
] ' Sirea l.‘ [+]
L. (5.14) R
e u > X

This equation gives the tangent Lo the stream lincatO. O
Itis known as the cquation of the stream linc. Itcan _
Fig. 5.7 Equation of strcam linc

also be written as

(5.15)

Lid}“-\-dh"“ﬂ//m/</
5.8 STREAM FUNCTIO
cam function v is a function of x and y such that

In a two-dimensional flow, the sir

Sy
u=— : (5.16)
%
oy i
v P (5.17)

where u and v are the components of velocity ¥ in the x andy direetions, respeclively.
the values ofy and ¥ in Fq. (5.15). we oblain

(5.1%)

Since y is the function ol x and y, the left hand side of” this cquation is cqual to the total

: _diff't:remial dy. Therefore,
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(5.19)

g : (5.20)
y = constant for a strecam line

e will he the difTerence in Lhe
The discharge per unil width between two stream lings will he the

values of the two stream [unctions, i.e. 5213
q=V¥a—=Y
) is given by the relation

(5.22)

In a two-dimensional Mow,Ahe resultant velocity V atany point P(Xy

/ Example 5. L. _
For a two-dimensional flow, the stream function is given by ¥ = 2xy. Calculate the

velocity at the point (3, 0).

Solution 1w and v are the velocity components in the x and y dircetions, respectively, then

Sy & ;
= ——=-—(2xp)=2x=2x3=0 mfs
¥
=S¥ __ S uy=dy=-2x6=-12 mis
6)/ A & k
= The resultant velocity at the point (3,6) is obtained as , :
5}( V=t +v7 =67+ (-12)7 =13.42 mis %
9 ¥ELOCITY POTENTIAL

Velocity potential 4 is a function of x, y and z such that iis partial derivative wilh
i e gpee =ty 2 —

fespect to displacement in any dircetion is equal to the velocily component in that dircelion.
Mathematically_

B

L A (5.23) e
dx oy 0Oz '
where u, v and w are the velocity components in the x, y and z directions, respectivcly.
~— The relationship between the stream function and the velocity potential for {wo-
-dimensional steady, irrotational and incompressible flow is oblained from Eqs.(5.To), 13-T7)
and 19-23) as follows: . '
=2 2 (5.24)
dx Sy .
\ V= gﬂ = _QE
; = (5.25)

Oy ox :

) q‘ - - - - . A .

. Qmenlml line is a linc along which the velocity polential ¢ is constant. \The potential .
lines ¥re orffiogonal (o stream lines as is shown below, B

Since @ = f(x,y) for steady flow in two dimensions, so

But along a potential line, d ¢ = 0.

‘gi—sdt'-l- ?—ﬂ(«f}-‘ =

ay

or

E’__iv:__ﬂpﬂ J¢ m r
dx a){ay v
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- Slope of the potential lige = - u/v.

Again, i = S(x,y) lor steady Mow in two dimiensions. So

iy
dgx:é:dxd-%fdy
But along a stream ling, dy =0.
'.Qﬂﬂx-l-gﬁ{f =0 a L—b
: dx yy ’_\J-:'B _—.d\lﬂ:'g—k\—jdl
i oM N
dy Oy oy v

.. Slope of the stream line = v/u.

. . u v . i
line x slope of the stream linc = — —x —=-| , which shows that

——
Example 5.

A strcam function is given by the cxpression y = 3x* - 3y’ Find the velocily
potential, ' :

Thus, slope of the potenti

the potential lines ¢

Solution u:?ﬁ:i('sz ~3y)=—-6y
: oy oy :
oy 9 2 2
= o 2 (3x7-3y)=-6
- ox Bx( > y ) *
Applying Eq.(5.23), we obtain _ |
' ]
%‘i”:—ﬁy - \Mfﬁmr\'\
X .
fo = =Gyt () (i -
and
ﬁ:1»'= Ox
oy
o g=—6xy+ fH(x) (i)

From (i) and (ii), we get

o g==06xy+ f,(y)+ [5(x)

5.10 ACCELERATION OF FLUID PARTICLES _ -
The acceleration of a fluid particle is the time rate of change ol its velocily vector. Let
a be the acceleration at point P(x,y,z) and ay, a, and i, denole (he components of the
acceleration in x, y and z directions, respectively. Then,
du v chy e
= a = (5.26)

ﬂ e - ¥ a;_-'_
oodr roodt dt
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and |
(5.27)

= 2 2 1
a a,ta,t+a,
on vector, then

If ¥ (x,y,z2¢t) is he velocity veclor and @ is the accelerati

a=—(x221) (5.28)
Now, |
_ av iV
ot x ay 0z .
dF _oF oFdr oV Ve s (5.30)
i o ocd dpadr O dt : i
72 7 v 7. oV y .. ¥
_'_E:ﬂ+££+ﬂﬁ+£fi:£.|_f_'c_q_y_+v_c?_'z’-+w..-ﬂ—- (S'H)
5 ox dit Oy d o2 dt ot o Oy z
In Cartesian coordinates 3 '
du Au. Ou ou (5.32a)
=— oy —=+w—) .
a, == +(u . vay = |
L TL LA (5.32b)
A |
a. _-_Qf-+{u§ﬂ pgr‘-’-f- wﬁﬁ) (532(-)
o ox oy 0z ‘ _
tion can result (i) from change

The above set of equations indicates that the accelera ‘
with time at a given point in space, and (ii) from change in position from one point to
another. The acceleration which is due to change with (ime at a point is know as the locul
acceleration and is given by the terms Qu/ o1, ov/ot and aw/ét . The acceleration which is
due to change in position is known as the convective acceleration and is represented by the

three terms within the parentheses.
(f the local acccleration AS ZCTO, the Mow is called

called uniform flow. So, In

steady flow. Il the conveelive
steady unilorm flow there 15 no

acccleration is zero, the low
acceleration. ;

T

2 5"1"‘\-. .
Qs ¥y wig "
| lincs, which arc

resentation of stream lines and polentia
s show the lincs

how the direction of flow. The potential linc
( can be drawn only for irrotational
ational flow. Certain flow

ay be analyzed and
ner.
hown in Fig. 5.8

(ream lines

5.11 ELOW NE

It is a graphical rep
orthogonal. JThe stream lines ¢ ]
joining the points of equal velocity potential. The flow ne
flow. It helps in depicting and analyzing the behavior of irrot

phenomena which cannot be casily analyzed by mathematical means, m
studied by drawing flow nets, ¢.g. flow through a Francis water (urbine run
Consider a flow net where the strcam lines are diverging as s

and 2. Let d; be the spacing between (WO S

Consider two scctions of the lTow ncl [

at scction 1, da be the spacing between two stream Siream lines @

lines at section 2, v; be the velocity of fluid particles —"r""

at section 1 and v; be the velocity of fluid particles at 0 i J

section 2. Since there can be no flow across the L il A

stream lines, therefore the discharge per unit width J_ Hl. . #___j:"f-r
1

between two consecutive stream lines will be equal,
Palentiol lines

#

' .l'ﬂ'
o - (5.33) Fig. 5.8 Flow net
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versely with the spaing

HY " - ; > .
(¢ is thus obvious that the velocity ol Nuid particles vares in
un line spacing and vice

petween the stream lines, i.c. velocity decreases wilh increase in strei

yersi.

xample 5.4

::mm a Now net ‘h_ﬂﬂrﬂﬂl. it was found that the distance between two conseeutive
strcn[:_n "ILS'[I'“ 1WU successive sections are 10 mm and 6 mn, respectively. [ the velocity at
he first section is 1 m/s, find the velocity at e other section. Also, find the discharge
petween the two stream lines,

= [00cm /s

Solution We have, dy = 10 mm = | em, dy =6 mm = 0.6 cm and vy = | mis

». Using the relation, dyvy = dava, we have

1% 100=0.6%v,

or

Vi = LU_'[E = |67 em/s
0.6

The discharge belween the streamlines is given by

q = dyvy = 12100 =100 e/

PROBLEMS AND EXERCISES

melhods which are generally used for the mathematical analysis ol uid

5.1 Describe the two
ly used and why?

motion. Which one is most common
(e, (iv) steady flow, (v)
) compressible flow, (ix)
) velocity potential, (xiii)

stream line, (iif) stream
non-uniform fow, (wiii
siream funetion, (xil
and (xv) Now nel.

52 Write short notes on (i) path linc, (i)
unsteady flow, (vi) aniform Mow, (vii)
rotational Mow, (x) rotation and varticity, (x1)
potential line, (xiv) local and conveelive accelerations,

lines and the potential lines are orthogonal.

5.3 Show that the strcam
5.4 For a two-dimensional flow, the stream function is given by y = 2x! - y2. Caleulate the

velocity at the point (2,3). '

5.5 A stream function is given by the expression y = 2xy. Prove (hat the Mow is irrotational.

5,6 The velocity along a stream linc is given by v =25+ L+ 3. What would be the conveclive
and local acclerations after 1 sec when 5= 27

kkkEEF
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Chapter 6

FLUID DYNAMICS

id particles without considering the

6.1 INTRODUCTION
h the motion of fluids and the

Fluid kinematics deals with the motion of l'ilic f[Is“ o
forces which caused the motion. Fluid dynamics ded
i tion. . H 1 an
forees C;ESSLESSET):" ﬁlc fluid motion, a sct of cquations should bc aVﬂ;iabti{::ﬂ:E!; ][::f
' T ary ¢ s. The
solved analytically or numerically applying ul?pmprmlc inilial and boundary
three basic equations which describe fluid motionare L S
i) the equation of continuity bascd on lIIC_ Pr_”‘C'PI‘_’ of clonsc ion of energy, and
ii) the equation of energy based on the prmmplle Qt conservation ; {'mc’)menulm
iii) the equation of momentum based on the principle of conservation ot I '

EQUATION OF CONTINUITY

ischarge and Mean Velocity - . .
The volume of fluid passing per unit time across a scction of a conduit (a pipe or a

channel) is known as discharge or volume flow rale. It is gencrally denoted by Q and
expressed in m*/s or cumee. Let A be the cross-scetional arca of the conduit and V is the
cross-sectional mean velocity of flow. Then , the discharge is given by

Q = Cross-sectional area x Cross-sectional mean velocity = AV e.1).

where A is in m?, V is in m/s arid Qis inm's.

For pipe and channel flows, it is more
convenient to use the cross-sectional mean or }L 7 k
average velocity than the point velocity. When {

the velocity varies over the cross-section of a
conduit, the mean velocity is obtained as
follows. Let v be the veloeity ol a liquid over (he
clementary arca dA and V be the mean or
average velocily over the entire cross-seclion
hlavmg anarea A, Then

Fig. 6.1 Determinatjon of discharge and mean velocity

‘4 B
Q=AY = [vdr
0 (6.2)
or
; s g g
‘E = _/? IPdA
" (6.3)

on of Continuity for Onc-Dimensjy,

~  The equation of continuity is derived |
which states that in the non-nuclear process g o
the mass of fluid per unit time entering the ypg o l]e!lhcr b
mass of fluid per unit time at the duwnst?e i

“.accumulated in between the two sections, Ip 4 st
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accumulation of mass in b
58 clw i .
tween the two sections. So, the mass [Tow ratcs at the two seclions

musl bg the same.
Consider the Now of
C wool i . ale
petween scctions | and 2 of a pi‘ptzlt(l'il’?ﬂ {EE} Iimtm;-] 7 b
a. 6. el Ay
e s

E? ut-;:;-: f}zoss-sectioFal area, V, be the mecan veclocity
M e mass ol fluid entering per unit time, pi Is

Erf;f mass dcnsu}.- and Q, fs.the discharge at section I.
4 e corresponding quantities at section 2 are Az, Vz My —— —-—--—>=Ms
My, P2 and Q;, respectively. Then, when the Mow is _,,__.-=-

steady, according to the principle of conservalion of
mass, Wwe can write —]

M|sr\‘12 (6.4)

IFig. 6.2 One-dimensional steady Now through a pipe

Since mass = mass densily x volume, so 13g.(6.4) can be wrillen as

p1Qi = p Q2 (6.5)

e gcncral equation of continuity for one-dimen flow. 1t is the first ancl

which is th sional stcady
fundamental equation of flow.
For an incompressible fluid (e.g- water), p1= pz- Hence, Eq.(6.5) reduces (0
(6.6)

0:1=Q2
_ (6.7)

or

!’L| 1Ir[ = ;"-\2'\"'1
compressible flow,

_dimensional n
ted

ies that for steady ont
ided fluid is neither injec

‘Equation (6.6) or (6.7) impl
the discharge remains (he same at all scctions of a conduit, pro¥

or taken out of it.

The equation of continuity, Eq.(6.6) or (6.7), is applicable only when
lly the case for most of the problems of fluid

\j,l’)/thc flow is steady which is usua

mechanics,
nsity is constant, i.e. the flow

is incompressible, which is the case for most

jydraulics where compressibility ol Teet is negligible, and
the flow is one-dimensional. All pipe and channel flow pro

this assumption, because simplicity and practical purposcs.

blems are solved by

in diamelter with an average velocily of 10 m/s.

Example 6.
le velocity at the other end of the |

Water is flowing through

* Compute the discharge in liters/se
i the diameter of the pipe is graduaily ciianged W

a pipe 10 cm
c. Also, determine ( e,

206 cin.

Using the rclation Q =AU, we obtain

Solution
x( 10 ! 3 . b )
o i 00 «10=0.07854 m" /5 = 0.07854 % 10° liters/see = 78.54 lilcrs/sce
obtain the velocity at the other end of the

- Again, using the relation AyY1 = AsVa, we

53
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4 %[Tﬁ] ¥
! ] =—=2.5HH'.';'

f“z _’E(F_U_Jz !
4100

ation of Continuity for One-Dimensional Unsteady Flow
Consider the flow of a fuid in a smalt ® @

length As of a conduit (Fig. 6.3Y Let p, A and V
be the mass density, cross-sectional arca and the ""‘-L\

mean velocity at section I. Now, mass of fluid P
entering the control volume in time At
oAV— —> 3AV
= pAd VM 2
- . . 2 ,——-’—-———H
and mass ol (Tuid leaving the control volume in
time At —/_IL..-_-—ﬁs —
=[MV+§(,M V)m]m

Fig. 6.3 One-dimensional unsteady llow in a conduit

.. Increase of mass in the control volume in time At

= pA VAL —[pAV-réi(pAV)m]m = ‘;-?;WVM"N (i)
) ¥

2
But increase in mass of the control volume duc o storage in time At 1‘-\,‘_
a 0
s VAL = — AsAt ' , i
=g (8 = S () (ii)
. Equating (i) and (ii), we obtain
ad
—(pA)AsAt = —E(pAV YAsAt
or Os :
or
J ad
-é-;(pA) +a(;MV)=U (6.8)

which is the equation of continuity for onc-dimensional unsteady flow in differential form.
When the flow is steady, A(pA)/ 3= 0 and, hence 2

]
—(pAV) =
53{9)0

L o pA.V =pQ = constant
PIAIVI =mAsVy o pQi=mQ,
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omtinnily For ' Thy .
an of Con innily for Three-Dimensionnl Unsteady Flow

Consider wrallelepipe :
| piped Muid element (o cantrol volume) in the How, will widess A%,
and w be the

|.‘,q|||:11'|

and Az i the x, y and z directi i
S A : : ons, respeetivel Fig, 64), Let ug v
components of velocity of the fluid at the centroid p[.\.y g

y, 2) {31‘ llhc [cutmmhl \.::)Iunw in the three dircetions 7 Mc i
cly. Let p be the mass de 2 . o
rf:spcctw ] f 1 mass density of the fuid at p N -
time L 1 r‘:c-
J N v iy . N : i

Tdm_\,tht. mass of Muid entering across the face [ “rf.l% at

ABCD intime At s : : e B
a \.- | A 'r' FI/
(ﬂ”f‘.lfﬁ-') - (pudyAz) o] A
! ox . 5 / - —_—

and the mass of (uid leaving across the lace GEGH i ¥

(ime At is
Iig. 6.4 parallelepiped (uid element

[ a
( pui\yr_\z} = pud\yAz) ﬁ}.\r
v 2
. Gainof fluid mass of the control volume in time Atducto flow in the x-direction 1S

2 Ax d Ax
= ]Hef‘- '\.: e E\ Pz\z . - iz — —
[(! yAz) Y (pudyiz) 5 ]ﬁ\n‘ {(puﬂ) Az) ar{puﬁ\yb.z) > ]N

= — .-ar (e )AxA pAZAL

ax
similarly, gain of Muid mass of the control yolume in me Al due o [Tow in the y-
direction is given by
S ‘
e (pv)mr!\yﬁzﬁ\!
and gain of fluid mass of (he control volume in time Al duc lo fow in the z-direetion is given
by

= — £ (pw)AxbyAzAL

- Total gain of fuid mass of the control volume in time At becomes

a 3] _

= | — (o) 'E"(.-‘Jl’) + —a—(,mt') AvAydzAl (i)
ox dy 0z

The increasc in the mass of the control volume in time At is cqual 1o

3 .
9 (pixybz)M = %f AxApAzAl (ii)

!
.. Equating (1) and (ii), we obtain

ap ? o . D

Py ayhzht = —| = (ou) o= (P) o ) [Axayazi

| o [ar“’”] ay“’”'azwl”

oor

' E£+M.+M4.M=u (6.9)

ot Ox ay 0z

This is the cquation of continuity for l'nrcu-dimcns'mlia'l unsteady flow.

_ Case I: Steady flow
" For steady flow the density does not change wilh time, ic. dp/or=0. Therelore,
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“and it can change from onc form fo another,

%
Aoy a(ow) oy ,
& @ T =l (6.10)
y 0z
Casc I1: Steady incompressible flow
For steady incompressible flow the density does not change with x. Yot and (e,
Op/dt=dp/ox = 0p/0y=dpldz=10. Therefore, £9.(6.9) becomes
Ou v o
A ta—de—= (6.11)
o & o | -
Case III: Two-dimensional flow
‘ If the ﬂow Is in the x-y plane, then the last term of Eq. (6.1¢) will not exisl, i,
velocily component v = 0. Then, the cquation ol continuity for steady incompressible flow
becomes
on : ;
Sk (6.12)
dx gy _
Example 6.2 :
The velocity distribution for a two-dimensional incompressible flow is given by u =y
x*y? —4 In xt and v =2y/x +4 In xt. Show that it satisfics the equation of continuity. o |
Solution The cquation ol continuity for two-dimensional Mow is given by
ou v
—+—=0
ox dy |
o, OB Fei g . 2 andy
Now, —=—| ~4Inxt) = X2xy" —4x—xp=2-"_-_2
ow’é‘x ax(n.xy , . x%y? y_ - xt X ¥ x
2 2
QV-:-Q-(EJ—'MEnx:}:—JrO:— .
o & x x * |
au + —a—‘: —t -—-z + E = []
x d  x x
fence, the equation of continuity is sulislicd. |

6.3/ ENERGY EQUATION

Encrgy in a Fluid Flow n
Ifw_cqe_rmhe defined as the capacity to do work, It manifests in various forms |

.. respect (o a horizontal datum.)If a body of fluid wei
- its potential energy will be
W = I 'kg) and z meters above datum hag potential ene

\)@ch’ntial cncrgy:éhis any in a fluid exists by

The three Tormg of cnergy present in Tuid low

are (1) potential energy, (ii) pressure energy, and (iii) kinetic energy.
it e e P .

virtuc of its position or clevation with
ghing W kg is 2 meters above the datum,
Z m-kg or m-N. Thus, a body of Muid having unit weight (i.c.
'8y ofz m-kg/kg or m-N/N or simply z

Therefore, z .is called the potential or clevation or datum head, i.c. the potential or

or datum head is z meters of fluid,

.-b};& Muid by virtue of its existing pruxsu@l{ d
1", then the Pressure encrgy ol the particte will J

!
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be ply m-kg/kg or m-N/N or simply m, when v is the specific weight of the Muid. Thercfore,

s C% the pressure head, i.e. the pressure head is p/y m of fluid.
Km:ﬂ;c m}crg I #wThe energy possessed by a Muid particle by virtue of'its velacity.  fevery
!}ﬂrtlczc ol- a fluid mass M moves with unilorm velocity V, then the kinctic encrgy will be
’MV % Since lhc. W“"i:‘,hl W = Mg, the kinctic energy in terms ol W will be WV52g, I-or a
unit weight, the kinetic energy is V*/2g m-kg/kg or m-N/N or simply m. Thercfore, Vg is

k‘i}?’iw?das velocity or kinetic energy head, i.e. the velocity or kinetic energy head is Vi2gm
of fluid.

_I ERETEY Or hea.{i of a fluid particle in motion: The tolal energy of a fluid particle in
motion is the sum of its potential encrgy, pressure energy and kinetic energy. Mathematically,
L ottt &

—
2

V
Total energy, H =z +£ 4 2 m-kg/kg or m-N/N (6.13)
¥ 14

and the total head of a fluid particle in motion is the sum of its potential cnergy head.
pressure head and kinetic energy head. Mathemalically,
e 7 V! :
Total head, H = e of fluid : (6.13b)
Yy £g:

rigtional loss of head: Every real fluid has some viscosity. It resisls the relative motion of
wing fluid. During the flow of real fluids, the viscosity and turbulence consume a fraction
of energy which takes the form of heat or thermal energy. This form of cnergy is not
reversible azd is not recoverable as useful encrgy, though it slightly raises the fluid
tempcratur@is a loss of useful energy due to viscosily and turbulence of real fluid. Il is
- therefore calted Trictional loss of head and denoted by Iy \'\L

—

Example 6.3 .
Water is Tlowing through a pipe 7 cm in diameter under a gauge pressure of 3.5

kg!cmz and with a mean velocity of 1.5 m/s. Neglecting friction, determine the total head, if
the pipe is 7 m above the datum line.

Solution Given, pressure, p=13.5 kg.&:m2 =3.5% 1o’ qu:’m2
Velocity of water, V = 1.5 m/s '
Datum head, z= 7 n
Specific weight, y = 1000 kg/m’

W2 VT, 35x10° L 15

v 28 1000 2x9.8]

Bernoulli’s Equatiol (_Mp\}{f v Par G’fl‘ ¢ M}W W_) 1% }

Danicll Bernoulli (1700-1782), a Swiss mathematici b B G
book entitled Hydrodunamica in 1738, This cquntioﬁmﬂllcmn, presented an equation in his

and can be stated as ﬁ}"(ﬁr\ji “tn a steady flow Is known as the Bemoulli's equation

A Total head, H =

=42.12 m of’watcr_

) Jrictionless incompressible fuid, the toal

energy remains constant.”WMathem atically
i |
z +}~ + 5’— = constant
: (6.14)

W[ICI'(: = -
' polential enerp ‘L
. NETRY, ply is the pressure energy and Vzﬂg < KiilGi Glieray.

a7
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ﬁ

A similar but more general statement of Bernoulli’s equation derived Trom the general
enerpy cquation is: I« steady flow of frictionless a".'.'t.'J'J'.iup."'t’.\'.\'fﬁft’I/f.‘.f."'r.l", the sim of elevation,

pressure and velocity heads remains constentat ¢very section, provided cuergy 1s neither
aclded nor tetken out by external source.” [

Another statement ol Bernoulli's theorem
steady flow of frictionless incompressible
heads remains cons

as derived (rom the Luler equation is: */n a
fluid, the sum of elevation, pressure and velocity
t along a stream line, provided energy is neither added nor taken ou

liquid flowing through a pipe as
shown in Fig. 6.5. Take two sections
AA and BB of the pipe. Assume that
{he pipe is running (ull and the (Tow is
continuous between the two seetions.
Suppose zi is the clevation of AA
above the datum, p; is the pressurc at
AA, Vy is the velocity of liquid at AA

and A, is the area of the pipe at AA. 1y | Datum Une dl; ) g ‘L

Let Za, P2, Va,and A; arc the corres- - Y -

ponding values at BB. - -
Fig. 6.5 Derivation of Bernoulli’s equation M

Let the liquid between the two sections AA and BB move (o A'A" and B'B’through
very small lengths df, and dl,

,- This movement ol the liquid between AA and BB is

cquivalent to the movement of the liquid between AA and 4’4’ to BB and B'5, the

remaining liquid between A'A" and BB remaining unaffected. : /
Lot W be the weight of liquid between AA and A'4". Since the flow is continuous, SO
W=yAdl =yA,dl, ' RN

. w . o

LAdl = Aydl, =— (6.15)

Work done by pressure at AA in moving the liquid to A4’
= Force x distance = p, 4,dl,
and work done by pressure at BB in moving the liquid to B'B’
_ = = Al
Minus ?igll is taken as the direction of p; is opposite to that of py. -
< Total work done by the pressure = p, Adl, = p, A, dl,= p Adl, = p,A,dl,

o W
Adh(p, = p,)= —;(!.r, - p,) (using Eq. (6.15)) (6.16)
Loss of potential energy
= ”’(Zi - Z?)
and gain in kinetic cnergy

Wl YL X
2g 2

Since, loss in potential energy + work dﬂ':“ by pressure = Gain in kinetic enerpy. so
4 ¥ p 3
r{y =T Z.' } 4'_"(!}| '_f)eJ - ”I”["gr— - -._]._
e x 2u 2g)
or
58
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E_L__{J_E'_sz P.l

Z, —2;+ — b
Yy v 2g 2g
or
p 2 2
z,+—'+-il-=zz+&-|r—1 (6.17)
Y 2g y 2g
or
p 2
zZ+ —?';' + EE = constant {6 l 8}

which proves the Bernoulli’s equation.

Lin}itations of the Bernoulli’s equation: The Bemoulli’s equation has the following
limitations: '

L. Flow is steady.

2. Fluid is incompressible, i.c. the mass density is constanl.

3. Fluid is non-viscous, i.e. frictional losses arc zero. i
4. Velocity is uniform over the section.

5. Except the gravity and pressure forces, no other forces are involved,

Euler’s Equation of Motion -

Leonhard Euler (1707—1788), a Swiss mathemalician, gave an cquation for stcady
flow of a non-viscous (frictionless) fluid along a stream line based on Newton’s second law
of motion. This is known as the Euler’s cquation of motion. The integration of this equation |
gives the Bernoulli’s equation in the form of encrgy per unit weight of the flowing fluid. The
Euler’s equation is based on the following assumptions:

. Flow is steady.

2. Fluid is incompressible, i.e. the mass density is constant.

1 Fluid is non-viscous, i.c. [rictional losses are zero.

4. Velocity is uniform over the section, ]

5. Except the gravily and pressurc forccs, no other foree or energy is involved.

6. Flow is along a strcam line.

Let us consider a fluid clement of cross-sectional area AA and length As on a stream
line in a steady non-viscous (frictionless) flow (Fig. 6.6). Then therecan be only two kinds of"

Fi)
Y s
¥4
g —
Az
s 4 e
~ L PR
%bs
)’ﬁsﬂ-’k
1]
Horizontal

Fig. 6.6 Torccsona fluid element
‘59
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foree in any chosen direction s that due o pressure gradient, i.c. -(Ap/As)ASAA ang
to the weight ol the clement, i.c. (yAsAAsinG) or (YASBA) 02/Ds, where 2 i 1I1{c1h?l ug
height above datum and v is the specific weig erlicy
the fluid and a; be the acceleration in the s direc

of motion, in any direction, {orce = mass x acce

tion. Then. according to Newton's secopd |
leration, we have aw

-@m&i—ymM@ = (phsAd)a
os Os $

or 3
O (p+ye)+ pa, =0 ) - (6.19)

A

Now, from the theory of partial differentiation, we can wrile

e, Sl (6.20)
d =~ d Os i 2
When the flow is steady, dV/6t =0, and Eq. (6.19) becomes
' (621)

d oV
—\p+r)+pV/—=0
| e =
w?icah is the one-dimensional Euler equation of motion and was firs
1750. ' -

t developed by Euler in

Equation (6.21)-can be integrated dircctly to give
|
p+iz+ EpV’ = constant

or '
. | :
Bl +E— = constant (6.22)

r 28 .
which is the Bernoulli equation. The Bernoulli expression (z + pfy + Vzﬂg) in general varies
from one streamline to another but remains constant along a sireamlin in steady non-viscous

(frictionless) flow. o

etic S* nergy Coclficient

In deriving the Bernoulli’s equation, the velocity has been assumed o be uniform

over the entire cross-scetion and the mean or average velocity for the cross-section is used (0
the onc-dimcnsrjclai method of flow analysis,

con_'lputc the velocity or kinetic energy head. in
owing to non-uniform velocity distribution m a cross-seclior{ the kinctic energy of flow
computed from the cross-sectional mean velocity is generally fess than its actual value. To

et the actual kinetic energy of flow, the kinetic encrgy based on the mean velocily s
multiplied by the coefficient «, known as he kinetic energy coefficient or the kinetic euergy
correction factor or the Coriolis coa;(jﬁc::‘cmb ;

Referring to Fig. 6.1, the kinetic enc
I 2P
= % pVAA XY 5 v A
nass density ol walcr, ‘Therelore,
1al to-

gy of flow passing AA per unit time is equal to

the total kinetic energy ol Now passing the

where pisthe!
cross-section Is cqt
A

P2 [,3
ZJV dA

¢ the total are
ted

; a of the cross-section. The total kinclic cncrgy based on the mean
where A I for the non-uniform distribution of velocity 1S

velocity V and corree
a2vs

2
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Scanned with CamScanner

ht of the fluid. Let p be the mass density of
0




Equating the above two quantities and reducing

. ). ,‘:1"[ W{_
Lip g AT

(6.23)

The kinetic energy cocfficient is always positive and never less than unity. For

uniform velocity distribution in the cross-section, @ = | In all other cases, a > | and the
the coefficient becomes.

further the velocity distribution departs from uniform, the grealer
The effect of turbulence is to make the flow mare uniform in the cross-section. Therefore, the
value of a is higher for laminar flow than for turbulent flow.

normally exceed 1.10 and one

For turbulent flow, the numerical value of « does not
can assume ¢ = | without any appreciable error. For laminar flow ina straight circular pipe, &

When the kinetic energy cocfficient @ is incorporated, the velocity or kinetic energy

head becomes

jr?
(z'_m——
2g
where V is the cross-seclional mean velocity, and the Bernoulli’s cquation takes the form
VZ VI
B OO TR (6:24)
7 g Y 2g

Example A _ M. ]
The velocity distribution a pipe is given by Prandll's one-
seventh power [aw

17
v ru_'J‘r)
e
v o

ce from the p

in a turbulent flow in

(6.25)

ipe wall and o is the pipe radius. Determinc the kinetic

where y is the distan
energy coefficient &

The mean velocity V is expressed by Eq. (6.3) as

Solution
i oy fy 17
: l i It =3 2r ¢ =y
v o L vat=—5 [v2mdy=—5 [Py =7 [P = d
AJ y 5[ ar, 6[ ry J "o _]-‘
FAY | *a v | L 87 1507\
o P {-—] [ =y )t = —3= (-— A
2 \h) o il "817 15/7)

2y I u7 71807 1577
= I‘:M [ J [ ri' —_ 7“' J — ?'I'Jllm-‘I ¥ 1 "1[} [.]H
- P e— = e—
rlJ 8 15 rul i IE'U 120 vlll.‘lx

o
I g 3 | 120 4 fi i
s @ sl | e b ot (g
AV]E[ 2 (93} X vl::n x J.Vﬂ“[ir_‘ Kz;a)dy
s i

ﬂ?“.} ﬂ
S%eney " |
F‘u 98 r]f? uy —y )d}{z_x e L rﬂ B ;D
3 °_ 0 ,-U"‘ 03 L ‘]U'—“ —*——”_
=2x(’2ﬂJ 49 5
s N
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nple 6.5 : -
The diameter ol a pipe changes from 20 cm al a scetion 5 m above datum (o 5 ¢, ala

ction 3 m above datum. The pressure of waler
at the first section is 5 kg/em”. If the velocity of
flow at the first section is | m/s, determine the
intensity of pressure at the second section.
Neglect losses.

Solution  Area of the pipe at section |

T r (20) o«
= % _| =y
H=g = X[um] “Ton fatum Line |

s ———

Area of the pipe at section 2

2
A1=£xd22:£x(-_5_] =2
4 4 \100) 1600

Velocity al seetion 1, V, = Ilmfs
Pressure at section I, p; =5 kg/em® =5x 10 kg/m?
Elevation of pipe center atsection |,z =5 m
Elevation of pipe center at section 2,7, =3 m
Specific weight of water, y= 1000 kg/m’

We know, AV, = A2V,

AV _ ® 1, J600 e ire

‘..Vz.______._: ®1x

{ )
A, 100 .

’s equation between sections | and 2

Applying the Bernoulli

: ]
_.UJ +_j—: ZI +&+5"
5+ ? 28 y 28
16
or ) | Py
5210 4 ——=3*7p00 " 2x9.81
000 = 39003 kgfn'lz = 3.90 kp/em? p-
2 ' o
" sendy Flow
.-]}iluuusumiﬂ '::::Lf‘” ol ehergys !.hlr.:. tlui.ulur:r:rmf at the i
i ntm ple of cons L ihe Jownstream section 2 plus the rricn-mmn;:um
a r : Wi i
pnerey B9 ging ©0 1 Dieton! @ AT 5
LIt Plccoft yal 10 jons (Fig:
mus the 1
{10 We
Si,'fucnef b
0
h
Hl = HI o
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or

2 2 (6.26)
z»¢+&'|'ﬂ'|‘vr =za+'&+az't—+h
¥ 2 Y

e ons 1 sspectively. Lquation
where uy and up are the kinetic encrgyCocllicients at scetions | and 2, respe Y
(6.26) is known as the cnergy equatién.

Datem [ne }

(a) Pipe flow (b) Channel flow

Fig. 6.7 Definition sketch for the energy equation

Each term in the cner
m. The expression of ¢
in pipes and channels,
The loss of
Contractions, expan

energy equatjon wh

BY €quation represents cnergy in m-kg/kg or m-N/N or simply
§ particularly convenient for dealing with problems

tnergy may also be dye to other reasons, like the presence of bends,
stons, flow past submerged bodies

s¢tC. and has to be included in the
€n such a loss is encountered,

se along a conduit running full
S Or pressure gaugpes. i tubes are used, the liquid will

liquid column measured from the ¢ jer of the
¢ pressure head pfy and from the datum it
cad and pr

will represen\ the suy of

line joini : essure head, je, 7 + P/, which is known as the piezmelric .fmr.r‘fﬂ'lm

H'G'L')Sn\j‘ the Plezometric heads g known ag the hydraulic grade line (briefly writfen as
m

or heag 1 i tt}c sum nf_lhc"t'i%rru?c heads, i.c. 7 + ph A+ Vg, fepreseils (he total cnergy
line (riefly wr*lt:ctron. The line oining the total energy or head is
€ l0fa] hy, liten as TELY Yt is also known as the (o1
tube is g 1S Indicateq by a Pitot tube, i.c. the
- C tota] cnergy line.
these lwoﬁ Shal ety

INEs is the v

known as the total cnergy
al head line or energy prade f}rl-:'.‘l
ine joini i s i s Pito
line joining the liquid levels in the P

Y linc lics above the
elocity head aV*/2g.

~=m¥-

i ; v clistance belween
hydraulic prade line and the distance

63
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Head and Power

Each term of the Bernoulli or cnergy equation is called a head and represents (e
encrgy per unit weight having units of m-kg/kg or m-N/N or simply m. Power is defined g4 Y
the rate of doing work. It is designaled by P and obtained by multiplying the head 1] by the
weight ol liquid per sceqnd, ic. _

I,
M
(inm-kg/s or m-N/s L@ (6.27) :
-l0rse power is a m

easure of power in MKS units and is cqual to 75 m-kg/s.

(6.28) b

b
S, power is measured in watt (

W), which is equal to onc joule per second. g
Example G.M

A LS HPpump working with 8§0% efficiency is discharging crude il o = -
to the overhead tank shown in the figure, I1 loszu:;:y = ek Lru_dc, e
in the whole system is 1.5 m of flowing fluid, fing .
the discharge.

InSlu

EL2S0m
, —
Solution

Applying the energy equation between
AandB

VZ 2
zd+-p—"+—i‘-+H =zi+—p—"—+5’-
23 gy I

2? + h.' A=l

4

where Flpup is the head supplied by the pump o
the flow and h; og is the losses between A and B.

Here, pp/y = 0 since the pressure at B is atmos

pheric. Furthey, pr2 /7, :
are negligible and hjp.5 = 1.5 m, 4/2g ang Vil2g
4500
et} H . =254+04+04].
T 0.9%1000 - ;

G 3D ‘

!'lpm'sll'l =269-9= '%In ol crude oil

Now, HP of pump = 15 and clliciency ol the pump = g,
. . the Now system = |§ X 0.8
licd by the pump Lo :
-, Encrgy supp :

Y Q'r‘r ety
Again, HP =757
o

O=121p

v17.5
o el

75512 _g.osThm 1
MR QGGK”'D

. 871 ditersisec
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mple 6.
A turbine T draws w .
s water from a reservoir through a | m diameter pipe and discharges

ugh another pi - :
roug pipe of the same diameter into tailrace B. The head loss from the headrace A

th
to the turbine is found to be 10 times the  ELis0
m A

velocity head in the pipe and that from ==
the turbine to the tailrace B is only 0.5 ==
time. If the discharge is | cumec, (a)
calculate the pressure heads at inlet and
exit of the turbine, (b) compute the
power given up by the water to the
turbine in HP and kW, and (c) draw the
hydraulic grade line and the encrgy

grade line.

Solution Diameter of the pipe, d=1m

- Area ol the pipe.

Aﬁ=£d’=£xﬂzﬂﬂﬁnﬁ
4 4

O__1 _12713mls

y=2=
A 0.785

«. Velocity of flow in the pipe,

2 A12
E__ = lEL —0.0826 m/s
energy equation petween A and i, the inlet 1o the turbine

(a) . Applying he
p .Y
4424 =z,+——'+—"‘+hu-r

2.+ Tog 25
Jopween A and i. Waler in the 51::50|'U11|r| ken
is atmospheric. So,pa =

< (aken stationary. S0, Va
0.

. 3 s b S| .
WI[]}CIEEH A;]:Z lrlalr(;i]::tﬁi ilci.lblw qulcr surface in the reservolr
= 50 : .
5 L 0 0.082
-..|50+{}+0z]05+ » +0.0826+10% 6
or
Do 2150103~ 0.0086 = 44.0914 m of water

, encrgy equation between e, the exit of the turbine, and B
po Ve =z, + Pu 28
T Lo Zy Yeeit
(s the pead 1053 between ¢ and B. In the tailrace waler is taken stationary. . v
wherc 1119 c-':hc [essurc at the (ailrace waler surfacc is atmospheric. S0, pn = 0

AIS v . Pe
;lg5+ﬂ;rrUD826=lﬂﬂ+0+ﬂ+05xﬂﬁ825

—
=

or I
,-";: = |UU.0413-—._[05.0826=-5.U4|3 m of waler

©) ApplYIng the cnergy E:]ualion between A and B
Py v 2
A LT R
A ! I, =z, .j..‘r.j_"_ |.E.".'. +h

4 . 25.’ ¥ 2 el 18
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e system being equal to the sum of the losses from A (g

where hya.g is the total head loss in 1l )
T cxisls between A and B, a head Hpy is extracted by iy

i and from ¢ to B. Since the turbinc

from the system.
150400

1. =100+0+010.5% 0.0826

Qr
Hn=150~- 100.8673 =49. (327 m ol walcer

Lo, 1000x1x49.1327 _ 55 f7p (in MKS units)

. Powcer= -—’}——- = 5 .
=yQH, = 9.81x1000x} x49.1327 watl = 482°kW (in S units)
| lave been drawn in (he

(c) The hydraulic grade line (HGL) and the encrgy grade linc (EGL) hav |
figure which are self-explanato s0 HGL is below the center line

ry. Note that Py i negative,
of pipe. .

6.4 MOMENTUM EQUATION

Lincar Momentumn Equation . i
The fundamental principle of dynamics is the Newlon’s sccond law of motion which
rtional to the applied force and

states that “The time rate of change of momentum is propo
takes place in the direction of force.” More precisely, this statement may.be writlen as “The
resultant external force Fx acting on a particie of mass m along any direction x is equal to the

time rate of change of linear momentum of the particle in the same direction X.”
Momentum of a body is the product of its mass and velocity. Let the change in

velocity in moving fluid mass m in time dt be dV. Since the velocity has changed, the

momentum will also change.

w4

. Change of momentum = mdV
and
i eV

Time rate of change of momentum = #1=7-
C

Then, according to the Newton’s second law of mo
direction = Rate of change of momentum in the x-direction, i.c.
dv, '

: (6.29)

F =m—
dt
where the suffix x den
Jinear nmomentum equalion
Podt = mdV,
The left hand side of this equation is the prodt
which it acts. This is known as the impudse of applicd loree.
resulting change ‘1 momentum. Equation (6.30) is known
guation which states that “The

as the impulsc-monentum ¢

impulse is equal to the rest!ting change in the momentum

of the body.”
‘Figure 0.8 shows a steady flow ol any (Muid

Consider the fluid mass enclosed |,

through a conduit.
nd 2 as a free body. If [y, Ty it 7,‘7/
v

between scctions | @
are the components of the resultant force F and Vy, V and .

v, are the componcnts of the velocity in the x, y and .
fr

recti cspecli hen

rections, :cs_u(.clwcfy,l _ o
& ~ Fig. 6.8 Control volume with inflo

tion, dynamic lorce appiicd in the -

oies the component in the «-dircction. This cquation is known as the

and can be wrillen as
(6.30)

ict of loree and the time increment curing
‘e right hand side is (he

w and outflow

(b
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F == Ir =N 5
.= Change ol momentum in the x=direetion

= mass x change ol velocity in the x-dircetion

=___ID_Q_(_I_;’J-1:-I:H) i \/
= : (6.314)
By =p0V, = V) 631b)

F.=pQ(V, -V. (ﬁ.gazc)‘\/
as the fmass per second entering and leaving is pQ = 90, = e

The resultant force acting on the {luid body is

= 'Z -f: .4.1
*'."JFHF,-”: (6.32)

For a two-dimensional flow in the x-y plane, I, = () and we gel

_f:_..‘?iz-i—fri, 6.39)

and if the resultant force F makes an angle 0 with the horizontal, then

F,

g =tan™ = (6.34)
£

-.,—‘-""-___—__—__-

Momentuin Coclhicient
In the unc-r.linmnsimml method of Now analysis, owing Lo pon-unilorm velocily

distribution in a cross-scction, the momentum ol o ;ompuled from the cross-sectional
mean velocity is generally less than its actual vultrﬁ{}/gut the actual momentum, the
momentum based on the mean velocity is multiplicd By the coeflicient fi,. known as the
momentum coefficient o the momentun corvection factor ot the Boussinesq coefficient,
which is analogous to the encrey coclficient & (Art. 6.3.4).

Referring to Fig. 6.1, the momentum of flow passing AA per unit.timc is pvAA x v =
p‘-‘z.ﬁA. Therefore, the total momentum of Mow passing the cross-scetion per unit lime is

equal to
A

P I-.!E dr

[}
The total mmomentum lJ
logi

ased on the mean velocity V and correcled for the non-uniform
distribution oL xe0 ;

ZA sothat

(6.35)

The momentum coefficient, like the encrpy coclficien, i

! : b JIKE | oclficient, is eI

less than u“'[?i' [51l‘0r1 Lulu‘llur|nivul-:)clty distribution in the channel flmf:i; |ii‘:h1lniu. and never
: == 1. I'C v . ; . W 1 S :
?t,t[;ir ;:jc;;w i ::r[;ni: ]I“L:Iilllhlt]:t:ril II]u:‘ numerical value ol 3 does not nm'lnmlll}; L\llétﬂt
sircular pipe, b =473 any appreciable crror, For laminar MNow in a slﬁnighl

When the: momentu i

e m cocllicient [} is in

momentum cquatio iclont B Js icarporale : : .

quation should be madified and wilken pmr:ill:;tt.nlhlu momentum or the impulse
; ample, as

F,= pQ(B,,, -

rl.}
Example (6.36)
For the -
cl[}m[ d‘ et "
coeffici y distributi i PR
(fcient p on given in Example 6.4, determine the momentum

07
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We have as in Example 6.4, the mean velocity, V - a3 Voo

Solution
" 20\ 1 .
(] po— y
. '8 . | 2 IVIdA - ___‘__2_ K[L—J X s Jpl.‘:m (_ﬂ_____} X E}U.'d_}.-
AV 0 T 98 Viax 0 Ir‘t'l
2 f 2 al? /7
2120 | 21 9N 2 [20] L {7n 7y
=—x|—| X=X | =gy R = A T e T
2 \98) " !( i, R \98) "L 9 16
2
=LX 12—0- Xf[.-?' = 1020
98 14
Example 6.9 C _ _
' Derive the expression for the normal force when a jet of water strikes a stationary flat
plate. _ _ :
Solution ~ When a jet of water with a velocity V ;‘
strikes a stationary flat plate normally (Fig. 6.9), ; : f""'P[ﬂfE
the force on the plate is equal to the rate of change /
of momentum of the jet. The jet leaves the platc , j
tangentially so that ali its momentum in a dircction  —=\/ +—=F
normal to the plate is destroyed. Hence, the normal 77 ]
force on the plateis ' W #
_ Water Jet ./ y
F = pQ(V —0)=pQV = pAV "’ j
: Fig. 6.9 Jet striking a flat plate

where A is the cross-sectional area of the jet.

PROBLEMS AND EXERCISES

6.1 Derive the equation of continuity for (i) one-dimensional steady flow, and (ii) three-
dimensional unsteady flow. :
cnergy present in fluid flow? Why the lerm “hcad” is uscd for

6.2 What arc the threc forms of
them? Why do you mean by frictional foss of head? ‘
: i

" 6.3 State the Bemoulli’s theorem and wrile it mathematically. What are (he limitations oi‘this

theorem? .
!

6.4 Derive the Euler equation and state the assumptions of this equation.
sed? Derive expressions for

6.5 Why are the kinetic energy and the momentum cocfTicicats u

them.

6.6 'What do you mcan by HGL and TEL?

s into two pipes C and D as shown

in Fig. 6.10. The pipe has diameter of 45cmat A, 30 cm.

atB,20cmat C and 25 cm atD. Determine the discharge
, A is 2 m/s. Also, dctermine the
Fig. 6.10 (Problem 6.7)

at A, if the velocity at , .
veIOCit}; at Band D, if the velocity atCis 4 m{s.
68

6.7 A pipe AB branche

be

’.'A
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6.8 The velocity distribution for a two-dimensional incompressible flow is piven by
X J}
z — 'if —

xt oyt x* 4yt
Show that it satisfics the cquation of continuity.

i ===

6:9 (?iven that u = 2x* + 2xy and v = Zyz2 + 3Z%, find the component of velocity in the z-
dlrcltctmn so that the equation of continuity for
an incompressible flow is satisfied. : -+

6.10 A pipe 300 m long hasa slope of 1 in 100
and tapers from | m diameter at the higher end
to 0.5 m at the lower end, as shown in Fig. 6.11.
Quantity of water flowing is 5400 liters/minulc.
[[" the pressure at the higher end is 0.7 kg/m*,
find the pressure at the lower end. Negleet

losscs. Fig. 6.11 (Problem 6.10)

om O at the pipe wall to maximum at the center of

6.11 In a pipe the velocity varies linearly fr
oefficient .

the pipe. Determine the kinetic energy coefficient a and momentuim ¢

weir in a rectangular channel. If the discharge per
eir

6.12 Figure 6.12 shows a sharp-crestéd
¢ enefay loss due to the weir and force on the w

unit width of the weir is 4 m?/s, estimate th
plate for the submerged flow condition as shown.

Fig. 6.12 (Problem 6.12) Fig, 6.13 (Problem 6.13)

cs of a ski-jump spillway (Fig.6.13) arc 45° and the Mlow over il
a depth ol 0.5 m. Neglecting all losses, eslimate (he maximum
ry. Also, compule the horizontal and vertical forces on the
the flow direclion. Assume unit width.

6.13 The inlet and exit angl
has a velocity of 25 m/s and
elevation of the outllow trajecto
spillway as a result of the change in
5.14 In Example 6.9, if the jet of waler strikes the platc normally and leaves the plate

wormally, what would be the normal force on the plate?

kkkhERE

E T GINEINE]
STUDENT PHOTOSTAT

S | o
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Chapter 7

DIMENSIONAL ANALYSIS AND SIMILITUDE

7.1 INTRODUCTION

In modern hydraulic engineering, several new prohlems are met by fhe Cngineeys
which generally pertain to the design, construction and cfficicnt working of varioys types of
hydraulic structures and machines. Some of these problems may be easily solved by (he
mathematical analysis, However, there are some problems for which a purely theareticy]
investigation fails to yield a practical and workable solution due to theircomplex nature, ang

_itis thus necessary to rely on experimental results. The solution of such complex problems js
considerably simplificd by the use of dimensional analysis.

It is not possible (o carry out cxperiments on full size dams, rivers, channels or
hydraulic machines such as turbines and pumps because it is very costly. For the sake of
cconomy and convenicnce, it is essential that small scale models be made for the prototypes .
for the purpose of testing. So, certain laws of similarity must be observed in order to ensure
that model, results can be applicd to the prototype.

7 ENSIONAL ANALYSIS :

Dimensional analysis is a mathematical technique which deals with the dimensions of
physical quantities involved in"the phenomenon., | Each physical phcnomenon can be
expressed by an cquation giving relationship bel dilferent quantitics. In general, any
variable present in a physical phenomenon is a dimensional quantily. Dimensional analysis
helps us to determine a’ convenient arrangement ol quantitics or varables in g physical
relationship. This is accomplished by forming a number of non-dimensional groups out of a
given number of dimensional quantities so that variables can be reduced. These days the -
dimensional analysis is widely used in research work for developing design criteria and also
for conducting model test. _ ¢

€ use of dimensional analysis can be summarized as follows:

|. Ithelps to find whether an equation of any flow P11301Humn is rational or not. e
equation is called rational if it is dimensionally homogencous,)This is ¢ say that dimensional
analysis can be applied only when a phenomenon can be expregsed by a dimensionally

homogeneous equation.

2. The_relationship betweer various physical quantities in an-cquation, goveming a

[ known.

flow phenomenon, can be k ’ ' |

Pﬂrtlcul;r It hcl‘ss the reduction of a number of variables involved ina flow Phc"o'“c"@vnh

- e of iments becomes casy. !

i rmance ol experimen ‘ .
which lzcl’rl}ztriroonal formula for the flow phenomenon can be derived,

5. It helps in making suitable smaller-sized models in whicl experl'men't:s'\can be

i formance of prototypes. %
redict the perforn i _ -
top | analysis, on the whole, facilitales planning of m!rabl.c-.s'?lcntiﬁc

erformed :
P 6. Dimensiona

experiments.

J ND DERIVED QUANTITIES 1 s
DAMENTAL A here are only three fundamental quantitics mags, length ang o
h MLT gystem; f:) letters M, L and T, respectively. All mhcrquantilies su.

y II(!:Etion [orce, CNCrgy, i,leCfr clr;.llnr-:i ca:]::_u deriveq $
; : : : undamental quantiticg
they ar , accelel s ol the above nc 'um..r‘ . :
and volume, qclocll.‘:’cprcsscd in lerm (orce instcad ol mass as Fuqndamcn[a[ Quantip, .
e . to U is then represented by FLT. Sope OF the g the

7.3FUN

. refer
enginc’ e, The S5l
gaslt~e

asy 20
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quantities are given in Table 7.1 in terms of the fundamental quantities of both systems. In

this lecture note, we use the MLT system.

Table ?'\.!/génsions and units of some phys?‘(ywnics
1in

pa——— ST LSSl o e e

Dimension in

S1. Quantity & Sl Dimens
No. Symbol unit ML Tsystem  FLT syslem
/ Length (/) m L L
(. Arca(A) m> B 1.2
,j? Volume (V) m’ L2 L2
i Time (t} 5 T ’ T
. Velocity (V) m/s i _ LT
6.  Acceleration (a) mfss  LT? L1
7. Gravitational acceleration(g) m/s* L Ly
8.  Frequency (N) /s I T
j—/ Discharge (Q) mys LT T
” Force (F)/Weight (W) N MIT I
1. Power () W ¥ T et Lt
12.  Work/Encrgy (C) N-morJ ML*T? Il
13.  Pressurc (p) N/m? M1 T I"f.'; ;
14. - Mass (M) kg M l-"I; L-;
){ Mass density (p) kg/m’ Ml,'z:i g ! FT_}L_
Specific weight (1) N/m’ . ML>T FL”
/Dynamic viscosity (j) C N-s/m” MLTT" F'{L._I
18 Kinematic viscosity (v) m?ls B i L"-II'
'/f{ Surface tension (o) N/m MT'l2 . FL_2
20. _Shear stress (1) N/m? - MLTTT . FL_z. v
7~ Modulus of elasticity (K) N/m? MIL,"T‘Z HT
22, Angular velocity () rad/s i g™ 1 3 I1
N-m ML - Il

23.  Torque (1) L

7.4 DIJIENSIONAL IIOMDGENEITW _ LT
n equation ' called dimensionally homogeneous if the dimensions have identical
powerson both sides, Such an equation is also known s a rational equation. A dimensionally

homogeneous equation would essentially be independent
Metric or English). Let us consider the most commaon equation of hydraulics

of the system of units (i.c. SL,

Q=AV

Jimensionally,

3T =L?xLT"
- LT

s0. both sides of the equation have the imensi
SN same dimen haref; .
limensionally homogencous or rational, sions. Therefore, the cquation is

The principle of dimensi -
ifa Phjvfsica]i9 ffuan;:i!)’?gl:fg)“?; i?g;; ![::ﬂgﬁﬁzﬂﬂfi)’ l:la E el (o detmring Usealmepion
hange (I : o nsional homogenej :

ge the cocfficicn ol an equation while using il in oéhcl'us;\fs!:;?:lff)?n '3_11[111?1“0”, ST
ol units,
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7.5 METHODS OF DIMENSIONAL ANALYSIS

Dimensional analysis cnables the mathematical formulation of a physicy
phenomenon when the variables which are involved in the phenomenon are known, Thac
methods of dimensional analysis enable us to combine the variables involved into compag
non-dimensional groups and obtain a functional relationship between them. There are twg
methods of dimensional analysis:

“Rayleigh’s mcthod
woBuckingham’s method, generally known as Buckingham’s r-thcorem.,

Rayleigh’s Method ‘
This method was originally proposed by Lord Ra)wjﬁ_ﬂqm
dependent variable is expressed as a function of the exponents mef_
_Varables, The depender =75 one Tor which information is_reguired, whercas the
independent variables are those which govern the variation of the dependent variable. TFy s

the dependent variable and X, X2, X3, ...... arc the independCnl variabics involved in a
physical process, then the functional relation may be wrillen as

e JED g o)

where a, b, ¢, -.....arc thc exponents or powers ol X1. X2, X3y -vrnn. » FESpECLvElY The values
ofa, b, c, ..... are obtained using the principle of dimensional homogeneity. '

Example 7. S
If the capillary rise (h) depends upon the specific weight (y), surface feasion of the
liquid (o) and the radius of}h&[glgp (1), show that '
h= rf(-—a—:,J
yr .
Solution Let the lunctional relationship be

hoo y" 0" r (1
Substituting the respective dimensions in (i), we get B ™
Lo (MEPT?)" (MT7)" (L)' (ii)

Now, for dimensional homogeneity, cquating the powers of M, L.and T on both sides of (ii),
we get

[or M, O=a1b (iii)
for L, | =-2a-tc (iv)
for T, 0=-2a-2b (v)

From (iii), we get  a=- b
From (iv), we get ¢*= | +2a=1-2b

Now, substituting the values of a and ¢ in (i), we get

=24
~h b 12

hcf‘_.j" £

T2
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; o
or, hoc r[__l-f &, h . cr2
¥y r \yr

. The functional relationship may be expressed as

h o -
_u:f(Ajl or, h:rffﬂT
r yr yr
Example 7. | |
Derive a rational formula for pipe flow having given the following quaniilmsaﬂechng
the viscosily, p is the mass

is the boundary friction force, | is

f flow, D is the pipe diameter and k is the surface roughness.

the flow phenomenon: F
density, V is the velocity 0

Solution Assuming that F=f(, p, V. D, k) 0
F- DCJHH,‘G;).VF_DJJCE I:Fi)

or, dimensionally
MLT ™ = 4 L L Iy ALY Y (iii)
Equating indices of M, L and T on both sides, e get
For M, |=a+b ' (iv)
For L, = =3+ dHe : {v?
For T,. .2=-a-¢C (vi)
From (iv), we have b =2I - E[:Ilill))
From (vi), we have €7 -a e aa_dba-e
P A =|+ﬂ-|-3b-c-—|:-—IF‘||_ Jg=—ars

Loty W have =2—ua-C (5Ltbstiluting for b and ¢) (ix)

gh,c and d from (ii), W€ have

1-a (D} 2-p-¢ (k)r

Eliminatin

Fe()(p) ")

or |
e ,?;/2;;7-[!”’?0) I D)
H
ar
______F———_=f __—'Et—-"_k-n
V2D’ pVD D
The non-dimensional quantity pVD/p is the Reynolds number, Re, which is the ratio
between inertia and viscous forces and k/D is the relative roughness. Thus, the above
equation becomes a rational equation.
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—
Buckingham’s Method or Buckingham’s n-Theorem

This method was'originally proposed by Edgar Buckingham in 1915, The Rayleigh:
method of dimensional analysis becomes cumbersome when a large number of wnablcsgqiz
involved. In order to overcome this difficulty, the Buckingham’s metho may |y
conveniently used. It states(“lf there are_n_variables in a dimensionally homogenegys
equation, and if these variableStontain m ﬁmda:nenral' dimensions, they may be

Rrouped inty
n-m non-dimensi independent paramele )

Mathematically, if a variable x, (JL[‘JCI’I upon a number of independent variables X2
Xa, X4, .., Xp, the functional equation may be writlen as

xl = sb(x:sxgsx_;,—:-..,x")

where ¢ is a function. This equation may be wrilten in its general form as
JUE X e Y

where f is another function.

¥ #damii

represent dimensionless groupings ol the variables x;, X3, x3, ...... A
x, with m dimensions involved, then according to Buckingham’s 7 - theorem, an cquation of
the form

F(Ry, By s By aanes )=0

"-ﬂ

(7.)

steps of the Buckingham’s mclhod are as lullnws
. Write the functional relationship with the given data
. Then write the equation in its general form.

3. Now choose m repeating variables and write separatc expression for cach « -term

¥ ! %
Each 7 -term will conlain the repeating variables and onc of the remaining variables. The
repeating variables arc writlen in exponential form

4. Usc the principle of dimensional homogencity © lind oul (he values ol the
cxponents or powers by obtaining simultancous cquations

5. Now substitute the values of the exponents or powers in the 7-terms.
6. After the z-terms are determined, write the functional relation in the required
form.

The following points must be considered while sclecting the rcpctllin" variables:
I. The number of repeating variables should be cqual to" m,” the number of
fundamental dimensions.

2. The repeating variables ehou[d not be dimensionless and the repeating variables
a/;%nng themselves should not form a dimensionless number.

3. Independent vilriables should, as Far as possible, he selected as repeiating variabl

Generally, the repeating variables sclecled are p
variable will represent thg

and the third will repres

, V' oand 1 Qe the Tirst repeating
uid property, the sccond will represent the Now characteristics
1t the geometrical characleristics of the body.

Example 7.

The pressure drop Ap.in a pipe depends upon the mean velocity of flow (V), icnglh of
i " Muidd (), average height of rowghness clements
ter of pipe (D) viscosily o ;
pipc (1), diame
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gbtain a dimensionless

(k) and.mass density (p} By using Buckingham’s 7 -theorem,
expression for Ap. (b) Show that
2
h, = 4V
ng aw
fic weight of the (luid and 115

where hr is the head loss due to friction (Apfy) and y is the speci
the coefficient of friction.

Solution Let the functional relationship be

Ap=f(V,1,D, 1k, p)
The above equation can be written in its general form as

[(ApV 1D, k. p) = 0

damental dimensions arc three.

A little consideration shows that in the above eyuation the fun :
ters. Taking V., 12 and p

Thus, m = 3. Sinccn =7, s0 there will be n —m =7 -3 = 4 7 -paramt
as repeating variablcs, we get

a, =V*.D".p"4p

ar )
x, =(LT)* x(L)" x(ML™)" x(ML'T?) = M LT
ForM, 0=ctl o, ¢ ==1
For T, 0=a; -2 0'{.' 8 =-2
For L. : C':a|+|3| - 2¢y or,: bl:l}
2 4 Ap ¥ s
.'.HE=V1.DB..U l;.ﬂf =.;?I,_u'—2'_ (I)
Similarly,
my =V D".pt
or _ e
MOLT® = (LT™)" x(L)" x(ML)* x(L)
For M, 0=c ‘ or, Cx~ 0
ForT, 0=-m or, =10
fFor L, 0= HE) -+ b]’ - 3(’,2 + ! . or, hz - |l
g [
my =V oD = (ii)
Similarly,
.‘ﬂ'j - VQI'DLJ',OEI._)II
or

00 =l |
MPLT" = (LT™)" x (L) x (ML) x (ML'T™)-

For M 0=
i =c3+ | or, == |
::;‘:"E, g;‘*-ay | ur: iij“" |
. =a3+by-3c;- 4 or, by=-1
.?T.|=-'V‘I..D" }‘)L ” F ey

i = e
Vo .
F i
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Lastly,
E=VD Pk
or
MOLPTY = (LT7')" (LY < (ML) =(1)
For M, 0=cy or, C4< 0
For T, =-q or, Q= 0
For L, 0=a;+bg-3cq+1 or, by=-1
: (iv)

m,=V' D" phk=—
. P D

Now, the functional relationship can be written as

Ap I op k _
F '——--’ ’— =O
s R AL
or, J.(ﬂyz,x 7 '~D‘VDp'D)_0
ApD | pu k
or, T N TR =0
' "(pV=f D’ VDp D)
ApD / k
or, "'_z‘_' J(ﬁ:_ﬂ—:_}
pVel D VDp D
Vi 1 u ok
or, Ap = I (—, ,— i
P D 'p VDp D) (v1)
Equation (vi) is the required rc]alionshif
{ t k
(b) Let Sfa bl %
i

: pVi | afpri
T L
5 D s 2D

Divjding the left hand side by the specific weight of the fluid y and the right hand side by its
cquivalent pg, we get

Ap  4fpV 4v?
e =2 | L G 4/ (Proved)
¥  2pgD 2gD
7.0 MODEL TESTING

) Since the beginning of the twéntieth century, the engincers have started a new and
scientific method to predict the performance of their structures and machines before they are
made and installed. This is done by preparing models and testing them in the laboratory, so as
to form some opinions about the working and behavior of the proposed structures, afler their
completion or actual installation. The ich the model is prepared. is known as

prototype and L is known as the physical model or scale model or simply model.,

he principa 1
1. The behavior and working details of a hydraulic siructure or machine can be casily

predicted by performing experiments on its model,
2. If the hydraulic structurc or machine is made directly, then in case of failure, it is
very difficult to change its design. Morcover, i.t is very closlly to build the same. Thus, making
a model and testing it in the laboratory results in the saving of” human labor and material,
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3. With the help of mode| t

pinally the most economical, accyry F b
: case w b SIEZN may be selected.
410 hen an existing structure is o

dﬁtﬂcted’ and recl.iﬁed by mode] testing not functioning properly, its defects can be
5. Sometimcs, it is very difficul

chine. In such cases 11y ’ :
:;ml:;raand |'cli;}lli|ily {)I'I.h[;ﬁ [11[31{;1Il:j:ltl:lrn:;ll.l::# hr'-:.-.|.l }_"H:_H absulutely necessary o ascertain the
- Following are the fields where the jlt""l S ing is ol
3 @ Natés poer cnginccring pphcation of the model lesting is ol greal use:
{1) Turbines and pumps
- g(;lt)l;:yctf{gﬁll; rsi::u-:mres like dams, weirs, spillways, canal falls, elc.
(1) Flood control
(ii) River training
(iii) Tnvestigation of siltin
(c) Design of ships, harbors, etc.
(d) Design of acroplancs for compressible Tow.,

esting, a number of altemative

desions can be studicd.
€ and sa 2

cu s T . .
It to €|Lh|gn a particular portion ol a complex structure

g and scouring in rivers, irrigation canals, etc.

7.7 HYDIRAULIC SIMILARITY OR SIMILITUDIE

In order to have.a complete idea about the construction and working o a hydraulic
structure or machine, it is very essential that the model should represent its prototype
completely and fully in all respects. The similarity between the prototype and its model is
known as hydraulic similarity or hydraulic similitude. '

There are three kinds of similarities which a model should possess in order that it may
reproduce the behavior of its prototype: (i) geometric similarily, (i) kinematic similarity, and
(iif) dvnamic similarity. — e

____—______—--"'"'-P'.
Genmctrl_“- Sfm_‘hlr_l of shape between the model and the prololychThc model must be an

: & I?S"m}a“w ototype, i.e. identical in shape but dilferent’in size. The geometric
et ophcn Di— the o ykfe{wccn the model and the prototype if the ratios of all the
s sp)c 10 F:mst ions are cqual and all the identical angles are same in both cases.
inglincar d1mcn510E length, width and depth of the protolype and L., By, and D,,
are | rc ﬂfe nzmde[. The seale ratio (L) is the ratio of the linear
htll(j;t n:?il:thc prototype. If the geometric similarity exisls belween the

similarity
COrrespo

etlp Bp and Dp
are tht c@mresponding va
dimension of the model ml b
model and the protolypes th

Ly B D (72)
g L b : (f) between the model and the protolype
Similarly, the arca ratlo : 5 5 |
' (B L. (73)
Ly o
o e model and the prolotype
3
vol
and the i

: - o The kinematic similariiy e o
¢ Gimilar [ motion Iy is saic

1o exis
; T AT SR S S e XIS hetween the
snematl in-.llﬂf”?:- . patio of thie uml...pnmh”“u,lm:musnl'tllu i partic B
Kine it is the 5 oiyne thc Jodel and the protatype i e dunse i ek paticles at the
il « N ©Ohilne, ! : 1
: -||1d1--'c iU;"pi -y the o 1illl|.i||}. the ratio ol
'JC-" = AL s
nod Jing !
1y

" A
- 2 } h_
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Y

accelerations of the fluid particles in both cascs should also be the sapye. Fur

direction of flow at the corresponding points should be the same. T, (hy
Let Vip and V3p are the velocities of the fluid particles in the prototype at pojys

2, respectively, and Vi and Va,u arc the corresponding valucs for the model, Noy,

kinematic similarity exists between the model and the prototype, then the
of the model and the prolotype

| ang

; IF the
velocily ragig (V)

v biw Vo Vo (7.5)
VIP Vzl’ V1”
Dynamic Similarity

_lt_is the similarity of forces. But the geometric and Kincrmatic similaritics are
necessary for dynamic similarity. The dynamic similarity is said to exist between the model

and the prototype if the ratios of the corresponding forces acting at the corresponding poinls
in the model and the prototype are equal.

Let Fip and Iy, are the forees acting in the protolype at points | and 2, respectively,
and Iy, and [F3,, are the corresponding values Tor the model. Now, if the dynamic similarily

exists between the model and the prototype, then the foree ratio (1%) of the model and the
prololype

_K

Im _

Flm pR F

F o | '3 7.6) -
TR TRRT g

etely similar and
JIn practice, however, it is not possible to achieve complete similarity in a model.

It is, fherefore, common to consider only those forces which are predominant in a
phenomenon and design the model such that the same forces influence the.flow phenomenon
in the model also. The effect of other forces which arc insignificant is cither’neglected or
taken care of by int cing correction factors based on expcriments or cxperience.

243

SNSIONLESS OR NON-DIMENSIONAL NUMBERS TN
When a fluid is in motion, some forces are always involved in the phenomenon ot\\;.-__
flow. But there are always one or two forces, which dominate other forees, and they govern X
the flow of the fluid and keep it in motion. The following lorces are important in fluid
motion: :

~

1. Inertia force 2. Friction or viscous force
3' Gravity force 4. Surfacc tension force
5. Pressure force 6. Llastic lorce

Since the inertia force always cxists in the phenomenon of fuid (low, the uondmonsl‘-_
‘ - . I . - i ' -. " o 4 )
of dynamic similarity arc always studicd considering the ratio of the inertia Iurm,l:uui any 0[[
; i atio wi [ [ - non-climension:
ini ; ly, every ratio will be a dimensionless or
the remaining forces. OQbvious ' L 4 onei cr‘
number. Some of the most ipportant numbers are (i) Reynolds number, (ii) Froude numb

(iii) Weber number, (ivy Eyfcr number, and (v) Mach number.

; \o~
Reynolds N umb W

The Reynolds number (Re) is the ratio of incrtia force and viscousforcc,ﬁ
¢ Re

' 77 pl xLIT
Trertia jorce ] MassX acceleration _ Mx L1 L % 1

B v
= Viscous Joree

Shecr stress xared rxA M /. A
olz
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ux U s i plp

where V = a characteristic velocity, L = a characteristic length and v is the kinematic
~ yiscosity of the fluid.

The non-dimensional ratio VL/v is named as Reynolds number (Re) in the honour of
Osborne Reynolds (1842-1912), a British scientist and mathematician. Reynolds number is a
measure of the magnitude of the viscous force relative to the inertial force. The smaller is the
Reynolds number the greater will be the relative magnitude of the viscous force and vice
versa. :

In a type of flow in which only the viscous force plays an important rolc relative to
the inertia force and the effect ol other forces is insignificant, dynamic similarity is said to
exist between the model and the prototype when the Reynolds nu mber for the model and the
prototype is the same. Flow of an incompressible fluid ina pipc with a low velocity and

groundwater H\W,ﬂm examples where viscous force may be predominating.
Example 7.4 -

The performance of a ship was predicted by making its mode! and testing it ina wind
tunnel. The length of the prototype was 350 m and its model was 10 m long. The v for air is
1.25 times that of water. The velocity of air around the model in the wind tunnel was
measured as 35 m/s. Find the velocity of actual ship in water if the model has dynamic
similarity with the prototype and the flow is governed by Reynolds law.

Soluiier  Here,Lpy=350m, Lin= 10 m, vin= 1.25vp, Vi =35 m/s

We know, for dynamic similarity between the model and the prototype, the Reynolds
number of model and prototype should be equal.

. V-.PLP = I/anr
i V.,
— v, L I 10
’ \ AV =LExxl, =——x——=x35=08 mls
‘g‘ ) v, L, 125 350
| 4 Froude Number
The Froude number (I'r) is the square_raat ol the ratio of inertia force and gravily
force, i.c —

“ Inertia force Mass x Inertial acceleration M xa a
\ Gravity force . \ Massx Gravitational acceleration  \| M % g i [

_LITE _ [iny e |
g g Vel ")

where V = a characleristic velocity, 1 = a characteristic lenpth and ¢ (981 mifs?) s the
acceleration due lo gravily.

The non-dimensional ratio V/ Jufd, is named as Froude number (Fr) in the honour o

“;_i“ian': Froude (1810-1889), a British scientist who [irst applied it o the practical problems
of the resistance of ships and floating bodies. Froude number is a measure of the magnitude
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of the gravity loree relative to the inertial force. The smaller is the Frondg
will be the relative magnitude of the gravity [orce and vice versa,

If the gravity force is the predominating force relative to the inertial foree in he

model and the pretotype and the effect of other forces is negligible, dynamic similarity s said

to exist betwgén the two when the Froude number for the model and fhe prolotype s (.

the casc when the flow occurs with a free surface as in an open channe|.

A channel model 250 ) deep is discharping water witl o velocity of |5y G i the
ity of water in the channel 4 m decep, il the model has dynamic. similarity” with it

Yrolype and the flow is governed by Froude law.

Solution Depth of water in the model, hy, =250 mm =025 m

Depth of flow in the prototype, hy=4m

. Scale r'at;'o, L= T EE - .5 = i
Ch, 4 16 L
IfJ'
- Lm i 0 i |6
So—— = — r, i
LJ‘" l6 Lm

Vin= L5 m/s, g, = g, (since the model and the prototype are in the same place)

We know, for dynamic similarily between (he model and the prototype, the Froude
number of model and prototype should be equal,
r 14

[ "

Je L, Vel

L
A= By JEKme =VIx/16x1.5=6 m/s
gﬂl L

Weber Number
The Weber number (We)

is the ratio of inertia force and surface tension foree, i.c.

Meys x aceeleration

Inertia force

We‘ = - =
Surface lension force  Surface tension force per unit lengthx Length

_PEXLIT?  pl? /77 _pPLELITY  pLp? 79
o.l o o o ?)

wherc a is the force of surface per unit lengh.
The Weber number (We) is in the honor of Moritz, Weber (1871-1951), Professor of

Berlin. The force of surlace tension becomes important when the diameter of a tbe is small
(i.e. a capillary tube) and when the depth of flow or the head is small (less than 5 mm). In
these cases, dynamic similarity is said to exist between the model and (he protolype when the

Weber number for the podel and the prototype is the same,

{ i
Fuler Numbel is the square root of the ratio of inertia force and pressure
r (Eu) is the sq : f
The Euler numbe

force, i.€.
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— e - e -7 PR 7 T 3"’ g I’
‘|F futensity u/ pressure 2 Areet pot!

Pressure foree

(7.10)

The Euler number (Eu) is in the honour of Leonhard Euler (1707-1783). 101l
pressure force is the prcdm“mﬂ;ma force in the model and the prototype, dynamic snmhmm
is said to exist between the two when the Euler number tor the model and the prototype |; ﬂi

hammer in penstocks of

same. Practical applications of the Euler number are waler
hydropower plants : and discharge coefficients of orifices, mouthpieces and sluicc gatcs, elc.

;,mmctrlmll_y similar scalc of 1/50 across a [lumc
(he negalive pressure

Example 7.6
be built to a
he model is 20 cm, what is

A spillway model is to
of 60 cm width. I (he negalive pressure int
in the prototype? Is it practicablc?

=1/50, pm=20cm= 02 m

Solution
prototype, the Froude

similarity between the model and the

We know, for dynamic
hould be equal.

number of model and prototype S

===
JE»Lp & mbn

or
;_',
.. E__ Ly _ [Tx+50 =50
Vv, £
essure, (he Euler

namic similarity for pre

number for the model

Now, in order to have dy
and for the prototypc shou[d be equal, i.e.

,'_ r :____.___m-——-—‘
Jp.! P, P! P
ar, ’.jf_ o |I -lf_. w =il _\/| » \/G[} e \1/5”
J

=p, *x50= 0.2x50=10m

-'.-—= . _P

P
ation will acetrt

The negative pressure of 10 m as obtained is nol practicable, a3 cavil

at this pressure,

Mach Number
el Turee 4 crisliv furee, 1=

[t is the squarc rool of (i raiiv vt
Mass x Inertial a¢
Kx L

Elastic force ﬁJrcc Flastic stress* Ared
‘/ ot p(Lf )
U Kf

81
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"The Mach number is in the honor of I-Zrn.-ellMuull (1838-1910), Prolessar of Physicg
Paraguay. In dealing with compressible Huids, clastic Iurcll.:.'«.' are irflpm'iiml_ The
compressibility cflect becomes signilicant whcn_M;w'h nu.r‘nhur of the Mlow is greater hyy
about 0.2. 1f the elastic lorce is the prcdominalmg foree in the model and the prototype,
dynamic similarity is said to exist between the two when the Mach number for the mode ang

the prototype is the same. !
Example 7.7 ; ;
pAn aicfoil moves at 650 km/hour through still air at 20°C. If the elastic stress and

density of air at this temperature are 21 kg/cm2 and 0.126 kgfm], find the Mach number.

Here, V =650 km/hour = M =180.6 m/s

Solution
K =21 kg/em? =21 x 10% kg/m?, p =0.126 kg/m’

S Ma= v = 180.5 =0.14
JK/p  21x10%70.126
7.9 TYPES OF MODELS D : :

All the models may be broadly classified into the following two types:

1. Undistorted modcl
2. Distorted model

%distortcd Model: A model is said to be undistorted when the horizontal and
vertical scale ratios (model distance: prototype distance) are same. An undistorted model“is -

geometrically similar to its prototype. The prediction of an undistorted model "is
easy and the model results can be casily transferred to the prototype as the

comparatively
basic copditionf of geometric similarity is satisfied.
isforted Model: A model is said to be distorted when the vertical and horizontal =~~~

scale raYios are different. The distorted model does not have true or complete geometric
harbors, reservoirs, ctc. have very large horizontal

similarity. For example, models of rivers,
dimensions, as comparcd to vertical ones. If a model of such a prototype having a complele

geomctrical similarity is madc, then the depth of watcr in such a modcl becomes so small that
it cannot be accurately measured. To overcome this difficulty, the vertical scale of the modcl

is increased relative to the horizontal scale. .
The prediction ol a distorted model is relatively difficult, and the results of the models

being distorted cannot be easily transferred (o the prototype, as the basic condition of

geometric similarity is not satisfied.

PROBLEMS AND EXERCISES

7.1 Definc (i) dimensionally homogencous/rational cquation, (i) prototype, and (iii) physical
model or scalc model or model, (iii) scale ratio, (iv) undistorted model, and (v) distorted

model.
e the Rayleigh’s method and the Buckingham’s method of dimensional analysis.

7.2 Describ

ree kinds of similarities a model should possess.

7.3 Describe the th
82
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5“?77 The discharge (
' unit length (Ap/1), ¢
~ form of the equation.

7.8 A model

'

Plform velocity (V) through a real (luid of density (p)

Define th
e followi
Ing dimensi
nsion|
ess numbers and derive expressions for them bascd on

pensional analysis: (i

ysis: (i) Rey

er )’nUIdS i

bt number, and (v) Mach numb.er.m!mbcr. (i) Froude number, (i) Weber number. (V)

15 Check the dimensi
/ ensional homogeneity of the following equations:

I (@Q=C.a/2gH
Q=_Cyay2gl (b) S = ul +4.905¢"

(n) falling with a

\

6 Show : -
that the resistance (R) to the motion of a meler

sphere of dia
(] is given by

and viscosity

o

R= pDszf[-————#
pVD

Q) through a horizontal capillary ¢
he diameter (D) of the tube and

c pressure drop per

ube depends upon th
the - [uid. Find the

the viscosity (1) of

nodel was Iﬂm_and it
ed of the aclual-sizcd
“qir is 13 limes
[s baw.

of an airship was tested in deep walter. The length of thet
hich was measurcd in watcr- Determine the spe
viscosity 0l

f25mlis W :
| is 250 m. Assume that the kinematic
the Mow s g:wcmudhy Reyno

dynnmica

has a speed ©
ship 1n air when its lengt!

that of water- ‘Fhe Mows arc Hly similar and

o 4hie . - al a dcplhl u!"% m: It s:.rddcully forms a jump at a
certain poin d the depth increases from 2 M 9 = B e velosity of WaIE al2 m depth 15
10 m/s. ADO or channel W28 uilt in which & similar Jump was formed-
- ne;v ghanﬂﬂl :n which the flow is dynamlcalfy'smllar acgordm.g to Froude law is
Calculaic the yelocity of water 11 . Find also the height of the jump 1 he second casc.

clmnncl, water is flowing
The depth of water ift

which is 50 timeﬁ more

o 1:30 is tested in water,
in the model during test is

of scale rati
he air. If the pressure drop 1

Jane mod
9 ore dense€ than t

7.10 AP A 5’0 times
visco;{s aty fiid ihe p:cssurc drop in the prototypc-
23k cim o

o deoke Rk

pesD
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Chapter 8

FLOW THROUGH PIPES

‘8.1 INTRODUCTION
A pipe is a closed conduit, gencrally of circular cross-section, used 1o cary

any other fluid. In hydraulics, pipes are commonly understood o Enc.conduil‘:.-nyrw?“frm

_cross-section which flow full and the flow is under pressure. City water and g,i;’mc:ftui{n

‘which flow o:curs under pressure are cxamples of pipes. But il the pipe docs not ;luw Erl::l]r )

is the case oi sewer pipes, drainage tiles and culverts, the low és not under pressure and ?:

. such a case the atmospheric pressure exists inside the pipe. The flow is then similar to that of
~“an open channel. In this chapter, we shall consider the flow in the pipes under pressure only,
~ In Chapter 6, the basic equations ol fluid fMlow were derived with the assumption tha

. the fluid was ideal, i.e. non-viscous. But in nature, there is no fluid which has zero viscosity.

The fluids having viscosity are known as practical or real fluids. Due to the presence of

viscosity, rcal fluids differ from non-viscous idcal Muids. By the action of viscosity, the

: };ici"gjfs_upp?;cd to the Mowing fuid is converted to thermal cnergy. The dissipation of cnergy

ed is a loss of usclul encrgy. Thus, in flow ol a real Muid some loss ol head takes

is chapter, we considc;: pipe flow whercein viscous action can he cons:.idcrcd o
tire flow. Pipe flow is of great significance in our lechnolpgy anq will always
bas long as we transport fluid. Also, much valuable experimentation has been
pipe flow which has rather general significance. Qur first step then 1s (0

ow in which viscous effects are significant.

w of a rcal fluid is

' 82LAMINAR AND TURBULENT FLOWS =
i Depending on whether the viscosily Is dom:prulm[_; olr.nol, lhc_ﬂo g
found 1o be of two Lypes, viz. laminar and turbulent. The I|f|1!t|:|g ccmd:_[nms. which ke
whether is flow is laminar or turbulent werc first ir'l\f.(;.‘»'ligil%ud cxpcrum:!‘]l;!Hy hgvi 5*?[]{] .
Reynolds in 1883. Reynolds apparatus (Fig. 8.1) consisls ol a lznk c<:11_[.l|(|11_;.:1!;gc-.l:; cirs‘ﬁuctl
small tank containing dye. A horizontal glass tube, |.5 m long an Sc_m I[;I- ;;bc |:cgu]3wd

0 the tank through which water can flow. The flow through the glass iube c:

3 1 eel 1 by v i [} lk
by adjusting the regulating valve. A dye injection arrangement 15 fitted in the main tai

e
o =———
) e AT S
Yolve ~ ) == ,
rblass Tube :j.-
- A (€) T A e
O

Fig. 8.1 Reynolds experiment 8.2 Dye thread in Reynolds experiment

The water in the tank is allowed to stand for several hours (o allow it to come 10 ::?
The outlet valve of the glass IulJc. is then slightly opencd. Thena jet of dye, having (he n:

ecific weight as that of water, is allowed to enter at the center of the glass tube. 1 will be
Spgn hat a finc thread of dye is carricd by the flowing watcr as shown in Fig. 8.2(a). The dy¢
se

hread will move so steadily that it will be hardly scen Lo be in motion. Sucla’flow is known
threa ;

as laminai of gream line (Tow.
84
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1f we slowly ¢ i :
e will come f ;,0 on tnereasing the velocity of water througl
& vhen the dye thread will start becom; BN the glass lube, we s
io. 8.2(b). The velocity of flow at which the Elmng irregular and (1
L — ] Jall g " 2

n as the lower critical velocity. If we still yo on e lhl?dd starts h‘"?““"”‘é iregular is
plass tube, we see that the length of the dy; yia |rf1|r;rrha|s|n=b1 the velocity ol water (hrougl

= 2 - sl R :

ultimately a stage will come-when the entire d :,i t;:l-l- IT LI:;;N Ubrs Wil et desrmsiig
city at which the whole dye thread is diffuscd 4 I-Im will disappear (Fig. 8.2¢). The

yond the upper critical veloci § diftused, is known as the upper critical velocily.
iy : . ! city the dye will mix up with water thereby showing vi
fixing of water particle in the glass be. Such a flow is'k ater bu,;t vy showing violent

| : . a Now is known as turbulent Now.

,, ﬁctzzzs}t?:g:!:n::?d thi;‘t :hc naturc of flow in closcd conduits depends primarily upon the
e -ﬂuid = ITJI'ITD] the con_dmt, the velocily of Mow and the density and the viscosily

_ . By grouping these variables, Reynolds determined a non-dimensional quantity or |
mel;s.r denoted by pVL/u. Later on it was known as the Reynolds number after the |
founder’s name.
(o In case of flow through pipes the characteristic lincar dimension L is taken as the
* diameter of pipe d and the characteristic velocity V is taken as the average velocily. Henee,

 the Reynolds number is written as

-

1en breaking up as

- vd Vd
a Re= o = — ”“]
8 1 v
where v (= Wp) is the kincmatic viscosity. . o |
R(c tmpl-ds number 1s ver usclul in redicting whether the Tow is laminar or turbulent
d for finding the [riction factor [ in order to determine e Trictional loss of head accuralcly-
el 1 5 Tound (hat [low m 2 circular pipe 1S

a series of experiment
i s wurbulent when Re > 4000.

Len velocity of flow is small an yiscous forees dre
ar and thus also known as stream line Now. There is

les of one laycr over those of the adjacent layus.
but mMacroscopic movement of fluid

Velocily at any point remains nearly
s in pipes and channels.

Reynolds after carrying out
dlways laminar when ¢ < 2000 |
he laminar flow occurs wl
¥ bt x A l
predominant. 1t 15 511100[11r3;11diélu};,}1amc
i i of flu
PmCLICH”)’ e IliﬂUE"Cf molccular level may occul,
: : or mixing iy ; nol occur.
Diffusion : onc layer to another ‘LIOCS i
clements from ©Of . rian, Such flow T y ; L i G
AR in magh the Nuid Imrln.‘.l:.:s o longer move in fayers on & ;
u"hmnt\w "‘ ﬁu: s hich they move in chaotic and random
. ' [ ies L nitude and direetion from
. ixi : iy al & Juint varies buth in magniude
Violent mixing o ity at any | t
garesull L ipes and chann

anner. AS els arc mostly of this type: : ‘
manner. Flow inPipes o o the nicEn e aefiow R m— .

i [ B rtion
1stant to instah : is propo ] a2
: Fficﬁcnai resistan the mean velocity when the Mow is turbulent.

the squar® = i (ly (hat when a laminar Now changes nto & turbulent
; bruptly. But there is & (ransition between (he (o Lypes of Now, lor
o the Now 1s assumed (o change [rom

through circular pipes, ,
Re between 2000 ant and (his region is called the fransition

T = v s — - sy proeed

fow is Jaminar and i’ Re > 2000 Mow is turbulent m circular pipes

= surlaee rolness. A velncily al whicl the Tamiar [low
e T e ' .

yinar Lo ransiion zZonc 15 i v critical veloe

- 5 !
] :_,_..--:-"'" g .
pulent ow starls, .. Mow cnters from lransition zone o urbulent is

Eﬂmplcn oil having kinematic viscosity of 214 stokes is Mowing through a pipe ol 300 mm

.. Determing the type of flow, if the discharge through the pipe is 15 lilershsec.

We have, v =21.4 stokes =21 dx 107 m'/s
Diameter of pipe, d = 300 mm = 0.30m

83
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- Area of pipe, A= %dl =%x 0.30? =0.0707 i’

Discharge, Q=15 liters/s = 0.015 m’/s
i 0 0.015 _
i Y === =0.212 m/ s
elocity of flow, V T
The Reynolds number of the Mow is given by
Re= V4 _0212x030

v 214x10™
As the Reynolds number is less than 2000, the flow is laminar.

8.3 VELOCITY DISTRIBUTION IN LAMIN

elocity distributi f AR AND TURBULENT FLOWS
ibution curves ircular pine ¢ ey .
aminar, the velocity varies or a circular pipe are shown in Fig. 8.3. When the flow g

ter as shown by curve A

. The velocity is 7o
. clocily Is zero a

n_this case t

maximum velocity V

hO\'n-'_cvcr, the mixing resulting from tWrbulence (engs ¥
particles. Turbulence increases with Reynolds humber, Sg (] u
more uniform as the Reynolds number increases, T(;SIS 'ha]:ev|
average to maximum velocity (V/Ve) in a pipe of circular crsolf’wn ti‘-..
Reynolds number Re approximately as shown i (e Folln*.ving litl;|23'scc N vari

L T
clocuy T

________________________________

e VIV,

< 1700 0.50
2000 0.55
3000 0.71
5000 0.76
10000 0.78
30000 Mf:

> 100000 0.8

_________
________
-----
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3.4 LOSS OF HEAD

Loss of head in m of Auid, meaning loss of cneriy expressed in m-kg/kg of m-N/N,

acours in an Now of Nui N i LR
i f][ .ﬁmd through a pipe. The loss 1s caused by: (1) pipe (riction alung he

quraight scetions B : i ;
:-t:'.ouii ans_ oL I utilonm drameler ol il rouphiess, and (2) changes i
Losses of these Lwo types are ordinarily referred respeetively

95 major losscs al d minor losscs.

Mﬂjﬂ_l‘ Lo¥$:\IThs is gnntinuous loss of head, h, assumed Lo oceur at a uniform rate along
the pipe as long as the size and quality of pipe remain constant, and is commonly referred 10
as the loss of heagd dyeo pipe friction.

Minor L ' hese consist of
Wss of head, hg, due to contraction of cross-section. This loss is caused by a
reductionin the cross-scctional arca of the stream and the resulting increase in velocity. The
contraction may be sudden or it may be gradual. The loss of head at the cnll
from a reserypir is a special case ol logs due (0 contraction.
loss of head, h,, duc to cnlargement of cross-scetion. This loss i$ caused by an
i increase i the cross-sectional arca of the stream with resulting deeredse i veloeily. The

enlargement may be either sudden of gradual. The Joss ul head at e outlet end ol a pipe
largement.

ance L0 @ pipe

loss of head, hg, caused by obstructions such as gates or valves which produces a
ional area in the pipe of i the direction of flow. The result 1S usually a
llowed by a morc gradual return 10 the original

where it disgharges into a reservoir is a special case of loss of head due to€n

change 1n cross-sect
sudden increase 0OF decrease in velocity fo

velocity :
loss of head, ho, caused by bends or curves in pipes, in addition to the loss which
occurs 1n an equal length of straight pipe. Such bends may be of any total deflcction angle 2s

well as any radius of curvature. Occasionally, as ina reducing clbow, the loss duc to the bend ) -
is supe:r'imposcd on aloss due to change in velocity.
1f the symbol H is used lo designalc all losscs ol

steady continuous flow, then

H = I+ he +he + g £ 0 (82)

In a long pipe the major loss of head is due o [riction in the pipe only. The minor
/oses are small compared to the friction and can be neglected altogether. But in the case ofa
_short pipe, the minor losses, as compared Lo the friction loss, are of appreciable magnitude

and must be included.
Strictly speaking, ih
__jt;;;::;:::l termed as a longpipe when its lenpth is more than 1000 tumes its diameler
asa/ _ less than 1000 tines its diameter.

‘head in a pipe line in which there is

¢ is no hard and fast rule to define a long pipe. [Jut a pipc is
1 and iLis

I RN

CTRICTI
EQUATION

Figure _ ; .
ik p?pe ng-: represents a lon gitudinal section and a cross-section of a straight horizontal
onstant diameter d in which a fluid of uniform specific weiphty is moving

from left to ri x
right w ) ; | [ | Ity ‘
ght with steady laminar molof. Consider & circular cylinder of fuid, abed, of
tion 2 where lhe
s 0l

ENYL 1LOSS WITH LAMINAR FLOW: [IAZEN-POISEUILLE

length L extendi
endin s
g from scction | where | cossure iy pn = iy 10 %6

pressure has de
i creased _ i e i .
the eylinder is thug 10 py = yhy. The difference N potal pressure foree 0N Lhe Lo ci

~ = y{h - 2
LP{ PZ:‘P‘ . ( { n'f;)"l}‘ émJ_erI . “.;_3}

87

Scanned with CamScanner



It is considered that the cylinder is in equilibrium between this pressure difference g,
(he shear resistance cxerted by the surrounding Tuid on the curved surlace of the cylinder,
From the definition of viscosity. the unit shear stress on (his surface is

H(ct’y] ]

since for each increment dy in distance from the pipe axis, there is a deerease dy in velocity.
The total shear stress on the surface of the cylinder is ”115; l
1 2
L 1
- i
= !
—
-
—
i3 e |
e |
i
e
.=
-—-_

Longitudinal section

Fig. 8.4 Laminar flow in g pipe

dv
5 Z@Lﬂ—— : . . : |
dy o |
Equating Eqs.(8 (8.4) !
£ £qs.(8.3) and (8.4) leads to a simple differential equatio
dy = —-___._,?ﬁf ydy h
2Ly '
Integrating , 8.3)7
2 : :
1
p== 7y +€, '
4Ly I
When y =d/2, v=0. Thereforc (8.6) B
2 o .
i whd i
16L 1 '
Substituting this value in Eq. (8.6), we get _
Y= _’_’ﬁ_’(.‘f -yh b |
4L 4 4 . 4
7

This equation gives the velocity v at any dig

through the ring of width dy is

iIHCL: "r i l
! Il,

dQ = v« 2nydy
Substituting the value of v from Eg, 8.7)
, d’ 1}
= —y-y |y (% _
dQ =2 Ll 4 J aY
raitey =0 and y = /2, we ablain x_:.-._:
i cen the linits Y
[ntcgraling betw 4
mh
Q::-_W d v lorp/p
12644 s o fory and Vv or
he loss of head, gubstituting P& 10 v
orthc
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b = 128LuQ 128L1Q _ 128010
J'I"}'ﬂ” :rpgn' s ﬂgcf :

I

(8.10)

Since
g
D)= —d
¢ 4

where V 15 the cross-sectional mean veloeily, we pel
B R2LvV :

, = — K11
¥ gdz‘h// ( )

Equation (8,11 was first determined experimentally by Hagen in 1839 and
simultaneously by Poiseuville in 1840 and it is usually known as the Hazen-Poiscuille
equation. It indicates that in laminar flow the loss of head is proportional to the first power of
the medn velocity. It was experimentally determined that Eq. (8. 11) gives correct result. |t is
mostly used for the experimental determination of fluid viscosity by measuring the loss of
head in a pipe of length L. Equation (8.4 1) can be written for the [Tuid viscosity as

\M”’rdl _ ¥(h, —h_,_}n"z_ _p —E,'Efz ' (8.12)
2LV 2LV 2LV e

‘Equation (8.7) shows that the velocity distribution along the diameter is parabolic, the
maximum velocity being at the eenter of the pipe (y = 0) and having the value

2
L, (8.13)
 16Lv .
Also, rearranging Eq. (8.11)
2
)t (8.14)
32Lv
From the last two equations, we get
Vo =2V

(8.15)

Example H.M

In a laboratory experiment, a crude oil is flowing through a pipe of 50 mm diameler
with a velocity of 1.5 m/s. During this experiment, a pressure difference of 180 N/mm’ was
recorded frém two pressure gauges 8 m apart. Find the viscosily of the flowing oil.

Solution  Given, diameter of pipe, d = 50 mm = 0.05 m
Velocity of oil, V= 1.5 m/s

Pressure difference, py — p2 =vhr= 180 N/mm’ = 180x 10°® N/m?
Length of the pipe, L =8 m

thydr 180%107 % 0.05°
= = . . -0
H T 2%8x] 3 —-1].72>:I0 MN-s/m

8.0VFRVCTIONAL. LOSS : WITII . : -

FORMULA ’ ITH: TURBULENT FLOW: DARCY-WEISBACH
' Th ine di Y . o

Cressure d:ﬂi;alilsra:;:li, discussion applies to ail liquids and approximately to gases when thc‘

interhal diameter d i::lgfrlf.:iézaﬂ 10 percent of the initial l};‘gggllt-@nsmcr a straight pipe of

length L be dénoted by-fy a ﬂali[i is flowing al a mean velocity=V. Let the loss of head in

Certain pe : ;
- _ Benera R : g i
Iriction in pipes an ‘:riaws based upon obscrvation and cxperiment appear to govern !
& ot e exprecee s L _ o Pl |aws
briefly stated ure- Xpressed in all the generally aceepted pipe formulas, These 1aws

—i "
“

89
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¥ P'OD ? Dm j_QﬂuMghw K X
~J~Frictional loss in lurbuienlﬁ}ow gcncral!y Increases w‘:[hhlhu !Tu %hr‘w;slkl;ﬂ the \
pipe. When the flow is laminar the frictional loss is lndcpcnd(‘:nlnr lI:;,eiln:fr;:::,:sér ;;,:d? "
WAHALLL 2 Frictional loss is directly proportional to the area of the w{;' 't{:rho sl L i _
\3Arictional loss varies inversely as some power ol"thr: pl[](f \ametes, or %,4—& /&)\

d-Frictional loss varies as some power of the velocity, oras V. \t?.‘/’}—d\ V

5 ATictional loss varies as some power ol the ratio of viseosily o density ol the Muid, ' e

' . = I

oras (Wp). g ‘}"\.&' - \}y PJ . oyt et ] -
A b . . . i e . NCICases, T
Combining these lactors=a ratidmil equation lor loss of head duc IP. pipe (riction for E It

L]
any Huid can be written in the lorm , j :

h, =K'xkxﬂdﬂx-!—KV"x £
d* Jol

= KTH[EJ HE%E'}‘V" 2 ' (8.16) increase in:

o

where K'is a constant of proportionalit

. Ixamples,
amdm=x—1. 7

: | : L Fir:

The effect of Viscosity and density of water on loss of head at usual flow velocitics is P Locity ¢
50 small lh;\l_:l can be neglected. IT there iy any little effeet, it could be casily included in 2 i
seneral coclficient. So, i we substitule

formula for loss ol head in

. III:K‘—L_V"
d'f«l

_ K Tor the quantity in brackets in Lgp.(B.16), the base
pipe Mow can thus be stated as :

(8.17)

A determination of K, m and n js necessary for practical application of Eq. (8. [7) 1o
flow problems. Chezy in 1775 pointed. out that the loss of head in the flow of water iy
conduits varied approximately as the squire of the mean velocity. About the middle of Iiim
nineteenth century, Darcy, Weishach and pthers, accepted Chez

: ’s value of : p
modified Eq.(8.17) by proposing a value of | for m, and divided for n, Lurte:

and multipli
2¢, so that multiplied Eq.(8.17) Iy
___.________._-—-—""" A I-"l

h;- =(K32g)K;KE

(8.18)
By substituting the friction faclor f for (K x2g), we obtain * N
7 -
Ly*
S T - - (819
d2g - : S, B (OEED
2 1o i = i || o : e W . gl
Equation (8.19) I."" . ‘v.cll Ifliﬁ\’r’_l't S rﬂrmllﬂ. [kn-r?m! 3 ﬂ“f D‘““}“'Wmshaicil formul, 11 iy
in a very convenient form since it expresses the loss n‘idlir:i_ul I terms of (he Vuluﬁil}r s
the pipe. Morcover, it is dimensionally correct since I is dimensione i

in units of ss, Lid is
and V*/2g are both expressed in units of length.

Equation (8.19) is [requently wrillen as
g

by =L . 2

‘ s the Fanning equation. The Fanning Triction i P

A ralio ang

ation is knowit a5 factor I.
: ishach friction factor . UM R
of the Darcy.‘w_m.:-l_h < of the Darc Weishach Immu!.u are \
TheAimitatio el urbulent Mlow_varies nol only as (he s
The loss 01 T

Lo o
] T 1o 2 ormore depending AL O the Mean -
.r varying from 1.7 10 2 0L dependung an fhe v, thnegs o
me power ¥ ol by varying thevalue of [, | \Uﬂ*ulﬂ.
50 be taken citre ol by VILyHl © 1O g,
pancy must 9= = .r of the mean yelocily (Art. .5), W
i'trﬁlﬂ‘f‘% for o given Q. Fand 1., the Toss of ey g :
). : I'lIII|I power 0l e duuneler, Pegs ilve
w 1 that :I-,-- EN Pl i

: 5ty
hixed e-oury
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uld be close to 1.25. Agai ; .

minal Moy the loss nl'hcgils'xlrti]:-(?lscl_?lm"cy is taken care of by varying (he value of I- In
Ahe friction factlor e }‘ 1"""“'_-‘5013’ as the fourth power of the diameler-

. . pipc incss i _""“-‘l_ therefore be a lfunction ol velocily andd Jdigmeter i well us

of the PP roughness and of the viscosity and density ol the Muid

a

Remnrks
1. For a given velocity of flow, the value of { decreases @3 the diameter Ufrpig.?c
d of the mntcrlal in

inﬁfﬁ?ﬁﬂs- This decrease of fis due to the decrease in relative roughness

the pipe wall.
7. Some kinds of pipe become rougher wilh sulling INCrE¥e 5 v a
ossibility is usually taken care in d i i " e value of f for new PiPe 2% °
Y esign by increasing e S0% (0 100% after

certain percentage. The increasc in f for cast iron or steel PIPC may B¢ ittle or 1O
ever, wood pipe and asheslos cement pipe have showh it

in L. This

age wilh 1¢

some yecars of service. I
increase in {aller

Example 8.3 .
Find the loss of head due to friction i

velocity of water i the pipe is 1 infs. Take T = 0.020 and neglec
Darcy-Weisback formula.
Solution Wwe hav =15km~= 15000 m, y= | m/s,
1
15000 _.l;-—.—: 15.29 m ofwater

Lv?
. o= -—--—'—'=0.(}20x'__"' A
why =1y 1 2x98l

c,d':lm,L

8.7 S'MOGTH AND ROUGH PIPES e 3

Nikuradse Equivalent Sand Grain Roughness () ) '
Nikuradse in 1933 conducted 2 series of experiments on flow through pipes which
shened by gluing sand grains of uniform diameter He introduced the

pes of roughncss

were artificially rove ‘ 1
equivalent sand grain roughness (k) as standard or all other 1y

concept 9 3 : ; : v :
The k/d of the equivalent sand prain roughness 10 the pipe diameter is known

Table 8.1 BIVES T4 values of equivalent sand grain roughness for different™pipe

rnalcrims,

rable 8.1 Equivalent sand grain roughness (k) lor various pipe malerials

—--u---_-__--,av-,--,,--r4--_---u-

“ S| No. Pipe material k(mm)
. Glass 0 UUDEF“M
i. Wrought iron, steel 0.046
q' Asphalted castiron 0.12
S. Galvanized iron 0.15
G. Cast iron D-ZG
T‘ Concrele {}.'_’.ﬂu 3.0
. Riveted steel {'.l‘ ‘m.:‘}. ()

o ot e o

The ab
beco above valucs cor
mes o caorrespond vt g
s older, the roughness i pond to the material in new and clean ¢ lition. As the pipe
. increases due 1o crosiot an contition. As w il
: . 1.

A

o /’ i 91 N

rl
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Laminar Sublaygr il S8 i
Even inAurbulent low there exists next o the wall ol th L layer in
IS

which the flo laminar. This layer is known as the Taminar or viscous sublayer e

thickness ol this layer is given by

e [1.6v .
a,=

8.21)

u.*

—

where u* =4[/ p is the shear or friction velocity and s the shear stress on the pipe wall,

Hydraulically Smooth and Rough Boundaries
_A pipe is said to be h i mooth.if the height of the roughness elements js
less than the thickness of the laminar sublayer (k < 9,), i.e. ther lements are well-

covered f ublayer. In such mﬂﬁ%
affect the value of the friction factor f. On the other hand, i ight-of the roughness
elements i s of the laminar sublayer (k> d,), their prescnce affects
wﬂmwﬂm@!he value of f and the pipe is said 1o be tydranlicall
ouglr As the height of the rough = o

ness elements k increases or the thickness of the laminar
sublayer decreases with increasin g

Reynolds number. the turbulence | i
s 3 Increases to a maxi
level at which it is said to be “fully developed” ' e 0 i

8.8 DETERMINATION OF FRICTION FACTOR {

Laminar Flow

When the flow js laminar, the l-fazcn-Pniscui!Ic tqualion ll“-q i’RH

Equation (8.11) can be put in the Darc i ). appli
i _\/-Welsbach fO!'ITl b u i o dpplics,
denominator by 2V and replacing Vd/v by ¢ Y multiplying numergg and
. _6iL - . g Vd/v by the Reyilold§ number Re. Thus, o
f ———
Dol - (822)
from which it is apparent that, for laminar flow
P 64 ;
_~ Re (8.23)
Equation (8.23) indicates that when the flow is laminar, the loss of b T\
independent of the roughness of the pipe. .Eafdl'de_Pﬂn_d_S On Re, byt js

Turbulent Flow | _

When the flow is turbulent, the value of I depends not only ¢ :
but also on the relalive roughness of the pipe. Blasiys was (e ﬁrI;l
equation for finding the friction factor f, as early as 1913, paseq on g o &

: . . The for rinenia
hydraulically smootsh_p:pc in IEl;urbulcnr flow. The formuia develoned i oy
up to about Re = 107 Is given by Y

0.3164 i 8

— —‘—_i{ [IX (824}
e . Ml

dies by Prandtl and von Karman led to the following equatiops i

S—— \ditiops of flow in pipes.
for the two extreme ¢0’

the Reynoly
9] HI\"J an e

dcle”m" o

Ir

)

Scanned with CamScanner



Fed= (8.20)

These cqualions e _"CE;““h-‘d as greal scientific achicvement a5 (hey have been
veriﬁﬂd by ﬁxi’?”“‘f—'-m for pipes of all sizes and Tor difterent liquids. They show that for
wrbulent flow 10 pipes _Wl'lich arc hydraulically smooth, ' is independent u-i" the relative
oughness and s a funetion of the Reynolds number only. On the other hand, for turbulent
flow in PIPes which are hydraulically rough and turbulence is [ully developed, fis
independent of the Reynolds number and depends only on the relative roughness.

Between these WO limiting conditions of flow, here is a transition region for which

4 Colebrook developed the [

allowing formula for [ for use with commercial pipes:

S oA UEL P W s27)

wer end into the

The transition reglo herges at one ond into the smooth pipe fTow and at otl

zone ol fully devele

Example 8.4
A discharge of 900 lit
and having a roughness height of 0.07 cm. Determin

Colebrook formula. Takev =1 centipoise.

ers per minute of water takes plce in a pipe 15 cm in diameter
e the friction factor f by the White:

we have, Q = 900 liters/min = 0.013 wfs, d=15em = 0.15m, k=0.07cm=

Solution ; i
0.0607 m, ¥V = Q/A= 0.0151"[:7[%0.1524’4) =0.85mfs, V= 1%107x ot =10° m?/s, Re = Vdiv
—0.85%0.15/10° = 127500 _

Now, the Whilc-Coltbmok formula 15

i | k i 2.51
ﬁgﬁz o8| 374 ReyS
or '
|y 0.0007 , 25!
7 o8 37,0.15 127500/

or
-5
ngm{o.mnm.m}

J7 9F

The value of fis determined by trial. Assume values of [ and compute L.H.S. and RS The
valuc of { for which LH.S. = R.IS. is the required value of I,

-

Assumed L.H.S. R.HLS.

0.01 10 5,673
0.02 7,071 5.708
0.03 5.774 5.724
0.031 5,678 5,725

-----------------------------

S The Triction factor, = 0031,
93
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8.9 STANTON AND MOODY DIAGRAMS : ) :
As alrcady staled, Nikuradse conducted o serics .nI u:‘<|u:i'11nc-nt.~; on smoofy ang
artificially roughencd pipes by gluing sand on the inl‘cr:mr pipe surface. The results o
Nikuradse are gencerally plotted showing the variation ol .l against the Reynolds numl
logarithmic scale (Fig. 8.5). The plot of [riction [actor against the Reynolds numbey o 4 Iy,
log chart is called a Stanton diagram.
From Fig, 8.5, it is obvious that Nikuradsc's data cover both laminar ang

wr gy,

: rbulegy
ranges. For Re < 2300, there is a simple relation between ["and Re, given by Eq_(g_gj} and
completely independent of roughness. On log-log paper, the f-Re relationship is g straigh
line. Il

0.07 i ]
\ e 2
D.W _—“‘__- — a“ - -3—0—
00 B = =t
S=S==ragss = = dis 2
, SSEES=ctitiE==s d " 612
0.04 = — = F- .
— 9
;: 003 —1—& B % - u
G ———1 == Smooth pj g —% = =] === I_<: Xl _J_
8 :T == c:ur'.nlgp = A s
ER===5=cssi——=csc==t SE= Hie . |
2 [—— Ery ——__—-—_n—____.__‘__. =  — — 1 i o= I —— - —
& 0.0 == = ———— o e e o H A
— = EE:-——:%—HLEE::Ei:—*—_hL _k-. - —_l.._:-—
— . ] e e e e S e e e e L o ey 1014
= ' e e e
0015 _._:Ezzz‘i;%‘s_:j:?gz
001 ' L L |
: 3 ‘_ml_-_—‘_—'_" —-—<-—-_J_
16? i 34568104 2 31563m5 2 3 5t Ehl k
Re 0f

Fig. 8.5 Nikuradse’s data for artificially roughened pine e,
ws

In the turbulent part of the plot, afier the transition regioy
coincident with the smooth-pipe curve. Later, each curve d_DPEIrls from (e sm%-tls CUrVes gre
in a sequence such that the greater the roughness, the earljer the depariyyre Th: “pipe Curye

& - H 1 L 1 ® " " i : . . I al.
curve coincident with the S.moom pipc curve Is c:allul ‘lhc .'..'nar_)fh-ﬂl})i.’ Zonp q"‘:ﬂﬂw Nt grany
Gt passing the smooth-pipe zone, each curve chntuﬁ‘lly Mattens 1o 4 straigly Hie Ol that 2 i
issa. Here the friction factor fis independent of the Reynolds umber, Ty, Paralle] 4 . 24 |
the absciss i lied the rough-pipe zone of flow. Thus, cach curve eXRL tha Grs;hr)
i o o ee zones of Mow, the position and extent of epel, Z0ne Uepeyyg e
pipc gocs through _lhlu. Zones =
roughness ol the ]11||'tu[.
ikuradse dald b

s [ how tvell this 1yl

the question O

il El” rmphl 2

« been developed lor :|r[1I|L:_1;lI conditiong g ':f".'i'-'"lu:is, "
1 have ol roughness approximales actual Cconditiong ol p
e el

¢}
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~ Substituting a coefficient C for /8g/

we obtain
_________.—-'

o el
ol v

as iGU”d “‘E mﬂl Srll:ll‘d.[jons_ MODI’J_"{ iﬂ 1944 has constructed one of Lhe mast CUIIVL‘:I'IiCﬂl charls
tor dclbﬂn_l"llfu;: riction factors in clean, commercial pipes. This chart is a Stanton disgrain
that CXPresses T as a function of relative roughness and the Reynolds number and is shown in

Fig. 8.6.

ne8 T
0.07 =3 i s : — T Hoos
T .04
] e
e | l
e’ - = = 0.03
A ] ~J e
u S = — -
0.05 —X k ] o R 002
s n.q‘: l“"L-u,\_"_. —— = - = J4H == — = E L Ho o5
a0 [—1 NN N S S e 1= S
—1'\ b - = - =i 0.0 ::.u
ﬁ-l k| = \-H "-._‘h"" --,.__'__-_-" } :_ 0,008 %
§- 1‘ iy “‘\.\_‘ ] =1 0,006 3
= 0.03 1 [ pu==A 1] =
é — o0 T
- ¥ = T+ E
— T ‘L“ =
e — T -E
P By | 0.002 .
e iy ey 1
™ =
0.02 N ] — ] = 0,001
= et T Ho.0008
= F 0006
el 1] | 0.
P B — 0.0004
i 1] 14
3. SRu; ST —— 0.0002
= "":3"‘"%:"""‘-'-_ L EH -
AL = I _‘1-‘ — D_m‘l
™1 O00cgh T+ 0.00005
- L
% 2 345 79 2 345 79 3 sue s T8l 3 AE T8,
107 10* 10* 10 0
: Reynelds number
Fig. 8.6 Moody diagram
8.10 OTHER PIPE FORMULA
Chezy Formula ) . )
Using h/L = S and d = 4R, where S is the slope ol the energy prade line (Fig. 8.7)

representing the loss of head per m of pipe and R (=A/P) is the hydraulic radius, the Darcy-

Weisbach formula can be put in the
form

2g 8g
V= |22 «JaR xS = ’— JRS
S F
(8.28)

+ Datuen ) * -~

(8.29)
Iig. 8.7 Irictional loss in pipe

This formula for velocity of flow in terms of the hydraulic radius of a conduit and
slope of the energy grade line is called the Chezy formula. The Chezy coefficient C is a
function of the same variables as the Darcy-Weisbach friction factor [and the Chezy formula
is therefore subject to same defects as noted in Art. 8.6 for the Datcy-Weisbach formul.

U3
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Manning Formula ; -
The Manning formula is onc of the best-known open channel formulas and i

commonly used for pipes. In the form of Eq.(8.29), the Manning formula is
_ L ‘ (8.30)

o et i

where nis e roughness coellicient.
Hazen-Willizims Formula . L
This well-known formula has been mostly used by waler works and irrigation

engineers. This fo
¥ =0.25C,R°S§°* (3.1)

This formula was designed for the flow of water in both pipes and open channcls, but is used

mostly for pipes.

Example 8. ; .
Water flows through a pipe 200 mm in diameter and 60 m long with a velocity of 2.5

m/s. Find the head lost in friction by using the Chezy formula, assuming C= 55 m ”lzf-‘*'-

Solution We have, d =200 mm=020m, L. =60 m, V=2.5m/s, C=55m"%s
f{:L{:@:U,USm ‘
4 4

From the Chezy formula V =C+/RS , we have
2.5=55%+0.05x S

2
S=—2£—-—~=U.04I13

552 % 0.05 .
. The head Joss; hy=Sx L =0.04113 %60 = 2.48 m ol water

8.11 MINOR LOSSES

Loss of Iead duc to Contraction: It is given by
prd

h, =Krz—g : _ (8.32)

where K is an empirical coefficient and V is (he velocity in the smaller pipe (Fig. 8.8). The

valuc of K. depends on V and the ratio of the smaller to the larger diameler, This loss is
usually talken to be equal to

(8.33)

I'ig. 8.8 Sudden contraction in pipe I

926
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- flows fr

gl.6
S

M RETH " . 5
I'he loss of head al the entrance (o a pipe from a reservair is also laken Lo be the saume.,

Loss of ead due to Enlargement: [t is usually given by

(8.34)

ere V is the velocity in the smaller pipe, V, is the velocity in the larger pipe (Fig. 89).
uation (8.34) is known as the Carnot or Borda cquation. The loss of head at the outlet to a
pipe which 515'1:1"3"235 Into a reservoir or into the atmosphere is usually taken to be equal to

¥
’riﬁ?—:'-z‘;_- e o \“n/'zfg SN E LY

where V is the velocity in the pipe.

Fig. 8.9 Sudden enlargement in pipe

Loss of Head due to Obstructions: The loss of head in pipes duc to gates, valves and other
obstructions is given by
v?

e =Ky o (8.36)

where V is the mean velocity in the pipe. The coefficient K, depends on the size of

obstruction compared to the diameter of the pipe.

Loss of Head due to Bends: This loss of head is usually expressed as a function of the
velocity head in the pipg, i.e.

1
(1 - K*% J - | (837)

The value of the cocfficient Ky, varies with the ratio ol the radiug ol curvature ol the bend r to
the pipc diameter d, the roughness of the surface in the bend and the Reynolds number. [T the
flow is turbulent, the cffect of varialion in Reynolds number is not ol much practical

_ Importance and in that case Ky is a function of r/d and the roughness of the bend.

y Exa_ﬂ'lplc BM

A pipe 60 m long and 15 cm in diameler is connected to a water tank at one end and
eely into the atmosphere at the other end. The height of the water level in the tank is
m above the center of the pipe. The pipe is horizontal and [ = 0.04. Determine the

.Eﬁﬁlscharge through the pipe in liters/sec, if all the minor losses are 10 be considered,

K

Solution We have, L=60m,d=15cm=0.15m, H=2.6m, [=0.04,
- 97
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i Sinee the Pipe is connected to a water tank and discharges freely into the :ltmosph'c‘mr
s 1€ contraction loss at the entrance and a sudden enlargement loss 8t the outlet. Th,
sontraction Jogs js given by h, = 0.5V*/2g and the sudden enlargement loss is given by h, <
I</q ' y : H
<8 where Vv js the velocity of water through the pipe.
. Lyl s ot
LM :f____+0.5_+_:_ﬁ(f-+l..‘3)
d2g 28 2g¢ 2g° d

ar

'2.6——.-‘_\[%—{.&_01.‘( ” b }1. 5)

2x9.81 0.15

-.. V} = 2.6:‘(137‘;9.81 :2.9I5

SV =17073 m/g b

L Q=4V= _-;T_x 0.15% x 1.7073 = 0.0302 s° /5 = 30.2 liters/sce

PROBLEMS AND EXERCISES
8.1 What do you mean by lower critical velocity and upper eritical velocity?

8.2 How can you physically identify whether the flow in a pipe or channel is laminar or
turbulent?

8.3 Draw the velocity distribution curves at the cross-section of a pipe lor laminar and
lurbulent flows and state the type of velocity variation.

. 8.4 Why does the loss of head occur in pipe flow? Describe the different types of losses that
occur in pipe flow.

8.5 Derive the Hazen-Poiscuille equation for laminar Mow in a pipe. Using this equation,
show that the maximum velocity is twice the mean velocity. [

8.6 Derive the Darcy-Weisbach formula for turbulent flow in a pipe. What are the limitations
of this formula? State the Sl unit(s) of the friction factor f. '

8.7 What do you mean by Stanton and Moody diagrams?

8.8 Write short notes on (i) laminar flow, (ii) turbulent flow, (iii) laminar or viscous
sublayer, (iv) hydraulically smooth boundary, and (v) hydraulically rnuéh bou;lldary‘

8.9 An oil ol specilic pravity 0.85 is Mowing through o pipe ol S an ujfmm:h_'rI

: i ; e R i 411 al the rale of 3
liters/sce. Find the type of How, il the viscosily ol the oil js 3.8 poises,

8.10 A pipeline 30 in diamclcr and J32(}{) m long is used (o PUmp 50 kg per second of an oil
whose specific weight is 950 kg/m” and whose kinematic viscosity is 2.1 stokes, Find the
head loss.

8.11 Show that the encrgy cocf'ﬁci:;;llt @ and the momentun cocilicient B for laminar flow in
pipe are equal to 2 and 473, respectively. :

98
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in
The difference of heads between two ends of a pipe, 250 m long and 3[]3. m}:r;rle
lter is 1.5 m. Taking f = 0,04 and neglecting minor losses, calculate the dischdrg

g2

{[;Wm;iﬂthrnugh the pipe: Use the Darcy-Weisbach formula.
{2

+ A concrcle pipe 20 em in diameter and having k = 0.06 cm carrics water at the f:“i{‘]:;,_
g_i% /s, pDetermine the friction factor I by the White-Colebrook formula. Take v
002!
lﬂ:"'..s'. ’ 1c|
. ) . e
4 Detcrmine the friction factor f by the White-Colebrook formula when a riveled §
1

in di i i - dv=10" m’ls.
< 10 cm in diameter carries water at a velocity of 6 m/s, k = 0.3 mm an
PP

15 A town having a population of 100000 is to be supplicd with v-fnh:r {from a rust.crvmrhi
E'I- oart and it is stipulated that one half of the daily supply of 150 liters per hezu:% 5 '.uul o
km-apred in 8 hours. What must be the size of the pipe to fumish the supply, if the I
:f:;;mc is 12m? Take C =45 m'?/s in the Chezy formula.

o e ok ek

@ BeS HHBIBID
STUDENT PHOTOSTAT

G2 TP, Gifiir F1sia ST/, F1E
(TONER), ¥oa1 T101 ¢ ﬁlf”ﬁﬁmw'ﬂ{g |
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Chapter 9
PIPE FLOW PROBLEMS

9.1 INTRODUCTION

it A Pipe line is madc‘ of small lengths of pipes of uniform or different diameters, joined
BE e “':"h the help of pipe fittings such as couplings. langes, reducers, bends, clbows and

PIpe Junctions. Pipe fittings likc valves and sluices are employed lor the regulation of fow,

Long pipes are used to convey different kinds of fluids such as water, oil, gas, etc. For water

supply installations, pipe line is meant to distribute water from one feservoir to one or more

reservoirs.

—

———

9.2 PIPES IN SERIES :
-y Figurc 9.¢ represents a system of pipes ol different lengths and diameters conveying
|":I‘I“'3| from one reservoir to another. Such a pipe ling is called a compound pipe or pipesin
series. As the pipes are in series, the discharge through them will be continuous. Assuiming :
the liquid at rest in both reservoirs, the difference H in clevation of free surfaces is the lotal
head producing discharge. The losses of head, as indicated by the drops in the cncrgy
gradient are successively: ey, due to contraction at entrancc at A: hy, duc lo [riction in pipe
1; he, due to contraction to smaller pipe at B; hp, due to friction in pipe-2;:hgy, -due to
enlargement to larger pipe at C; hp, due to friction in pipe 3; and he, due to enlargement al

OUIIe[alD'{E\]ETTI({:qu'I"fhfZ -!;\rw'ﬂ’L f\{@i -\’Y\Jﬁ'g Jr \m‘il

H=byrhy gyt hyy Iy byt b, (9.1)

9.1 System of pipes connecling two reservoirs

Fig.

The hydraulic gradient is at a distance V%/2g below the cnergy gradient at all points in
the three pipes. Sinco pipe 2 is smaller than pipe 1, the velocity head is greater and the
hydraulic gradient is farther below the energy gradient. With the enlargement at C, however,
the velocity head becomes less, resulting in a rise in the hydraulic gradient at that point.

In most hydraulic problems the major pipe friction losses hn, hp and hy3 in Eq.(9.1)
constitute most of the total head H, and the minor losscs are mostly so small as to be
negligible. If the pipe length is about 500 pipc diameters, the error resulting from neglecting
minor losses will ordinarily not exceed 5 percent, and if the pipe length is 1000 diameters or

lly be considered negligible. However, it is desired

more, the effect of minor losscs can usua
to include thesc losscs, a solution may Le obtained [irst neglecting them and then correcting

< pesults b including them. » . , ) o
tigenth 0 simplificd diagram of flow through a pipe line of dilTerent

Figure 9.2 shows a . \ e
cting two reservoirs. Minor losses are ncgligible and only the

‘2 meters in series connes . .
If'?;iauﬁc gradient is shown. The flow is assumed to be conlinuous and steady. Two common
Y

problems which arise are: |
J
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. Sizes and lengthy of pipe
Fhis problem can be solved

o= Ny ,
" g ! .-’u_r

£y 122 L.t p
L A
d2g °* d, 2g /3 d, 2g (9.2)

and Q given, (o find the tofal loss of head.
as Tollows. ‘T'he total loss ol head is given by

L y* L Q2 L O? 2
Since  f——=f—=—2__ Lo” 1 IS 0 | ram—
d2 d 2g1 f 228 T Ty - wad therclore
i $Q? [_f.Ll 2Ly +.,r_,.f,n}

g\ df di 4 ©3)

Fig. 9.2 Pipe lines of dilferent diamelers in serics

Now, if the coefficient of friction is the same for all the pipes, then Eqs.(9.2) and (9.3)
become

(9.4)

F LLVLZ + LzV:z1 " LJV;
d, d d.

and

(9.5)

respectively. The minor losses can be compuled and included if considerable.

2. Allowable losses of head and lengths and sizes of pipes given, to find Q.

Four dilferent methods of solution of this problem using lig. (9.4) or (V.5) wre as
follows.

i) Trial solution: Assume a Q. Compute loss of head in each pipe by formula or
diagram and add the losses. Compare with the allowable loss and revise Q in proper

direction. Repeat until satisfactory check is obtained.
) 1

. . LV : :
ii) Algebraic solution: Write f}F—EE for each pipe, assuming values of T and

equating sum of the terms 10 the allowable head loss. Express all velocity heads in terms of
velocity head in onc of the given sizes of pipes. Salve for the velocity head and velocity.
Compute the velocities in the other pipes. Look up proper s and cheek total loss of head,
Revise solution if necessary.

This method is adapted (o the condition in which minor losses are appreciable since
they can also be expressed in terms of the veloeity head and included in the equation. The
minor loss coefficients selected for the first solution may also need revision,
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T —— ; o ipe Lo

iil) Equivalent-length solution; Reduce the overall length of Ll’llﬂ[’!tlllﬂdi AT : I":

. i % X - G e T 8 Mg
equivalent length ol some selected dimmeter. With this sclected dinmeter and comy

: . : : : E is (), cheek s ation of
equivalent length. determine Q for the given loss of head. Using this Q. check 3wt

losses in the line. A pipe diagram is of much assistance in the application of this mu}ll_u.d‘. _
iv) Equivalent-diameter solution: Reduce the different sizes of pipe “‘_SLHL&-W d(!,';

equivalent diameter of the given overall length. With this diameter and !c.:ng[h. d'ctcrlilne_ !

from the given loss of head. Using this Q, check summation of losses in thec e PR

diagram is of much asststapeein the application of the method.

\ Example 9. ,
' pA 5 cm pipe takes off abruptly from a large tank, runs 8 m, and then Cxpﬂﬂdﬁ_ﬂb“_‘lr;“}'
to 10 cm diameter, again runs 45 m, and then discharges dircetly into the open B ".W11 fll
velocity of 1.5 m/s. Compule the necessary heipht ol waler surface ahove The point o
discharge. Tuke ) = 0.024 and [ = 0.020.
5". Solution We have, d; =5 em=0.05m, L; =8m, dy=10cm =0.[0m, !“3 =45m, V2 =
/ 1.5 m/s, f, =0.024, £, =0.026 _
y - Now, height of water surface above the point of discharge = lotal head loss
| : LW, -1} v ov} :
_-_H=g_5V_i+ﬁ&V_l+.u)_+f2£_3.+_1 (i)
2g d, 2g 2g dy 2g 2g
Since the flow is continuous, Q = A|V, = AV,
Eav=tay,
2 ?
L=V, % = I.Sx[w) =0 mls
d, 0.05
. From (i), we have
2 2 _1 52 : 2 !
H=li5s +0.024% 8 " 6 i (6-1.5) OGS 45 . 1.5 p 1.5
2x9.81 0.05 2x9.81 2x98! - 010 2x9.81 2x9.8I

=0917+7,047+.1.032+ 1.341 +0.115=10.45 m

Example 9.

A pipeline 40 m long is connected Lo a water tank at onc end and disch
into the atmosphere at the other end. For the first 25 m
15 e in diameter and its diameler suddenly enlarges
the tank is 8 m above the center of the pipe. ¢

_ ’ . onsidering all losses of head which oceur,
determine the rate of flow. Assume = 0,020 lor both the pipes.

arges [reely
ol its length from the tank, the pipe is
(0 30 ¢m. The height of waler level in

Solution  We have, L=40m, L, =25 m, di=15em=0.15m
30ecm=030m,H =8m, f=0.020
Since the flow is continuous, Q = AV, = AV,

i o n
¥ ":{dI!VI ="i'd:1i/z

-

. d 0.30)

__szyz(f] :VIK[E_:EJ =4V2
! Ll

? T
Loss of head at the entrance = G_SgL = [).SXEE&_)_ - 15_’::1

La=40-25=15m,d; =

& 2y 24
1 )
Loss of head due to friction in pipe | = f; S b 0.020 x 23, (33)" 35 v
d, 2g 0.15° 2¢ T2,
102
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2g 2g 28
e . A - 5 . - 5 t J-z ‘l’l
LLoss of head due to friction in pipe2 = f, LV 0.020% __I_S_x LSRN
. g 030 2¢g 28
Since the total head i : b
s 2* Ld! available is lost inall the above losses, so
£
- 21 4 20.67%, o +V_;+_l::i= 45.67v.
g 2g 2 2g 2¢ 2g
i [8x2x%9.8] 1.854
velbg B fm—— =],
4567 mls
L Q = A¥, =Zx0.30?
L Q=40 —:;XU.J{} x1.854 =0.131 m /5
9.3 EQUIVALENT PIPES . -
Twao pipe syslems ae said to be equivalent when the same head loss produces the
same Hscharge in both systemsyWe have, lor the [irst pipe
J-z 2
T AT L 0.6)

d, 2g  'd, 2g(ad}14)  xlgd!
and for the second pipc :

00 ©.7
‘ migd;

For the iwo pipes Lo be equivalent, hy = hy for the same discharge Q. So,
and (9.7), we-haveafer simplifying

‘ L'r“

equating Eqs.(9.6)

(9.8)

ke EL ﬁi{ﬁ} (9.9)
S\ d
which determines the length of the sccond pipe to be cquivalent to the ﬂ_rst p’rpc_.
Obviously,@ompound pipe may be replaced by a pipe of uniform diameter and of
at of a compound pipe, such that the loss of head and discharge are the

the same length as : ; _ y
same in both the cases. The new pipe of upilorm diameler is called equivalent pipe and its

diameter is called equivalent size of the pipe.
Let Ly, Ly and L3 be the lengths an
a compound pipe. Assume that the three pipes h

compound pipe. Then, the total head loss in the compound pipe is given by .
pound pip Z6 ,{7__\_,_:1_,
(U1

: ﬁdx%

B ILII;E .iq_V! _L.‘z{"z A 1y f
H .__*' i / - X 1__{_,__3— i (? 'W' ‘I"'J?g-'rﬂ?
ter of the equivalent pipe that would give the same :

28
friction, then total head loss in the equivalent pipe

, dy and dj be the diameters of the three pipes of
ave the same friction factor f as that of the

d, 24 Ty 24
If L is the length and d is the diame
discharge for the same head loss due to

1
Lo ©.11)
n'gd
where L = L, + Ly + Ly = length of the equivalent pipe. Equating Lgs.(9.i0) and (9.11) and
simplifyin

H=

(U.12)
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Equation (

9.12) pives o : iy ipe which has the same
» gives the | ameler of ¢ uivalent pipe wh :
lcnglh, same he ) uniform diameter of an ¢q P

N ad loss and same discharge as the compound pipe. N |
d whicl 5 4150 sometimes required to determine the length L of a pipe of uniform diameter l
Sdme ICI > available Tor uso to replace the compound pipe. To have the same discharge and
sime loss of he: . | _

s ofhead duc (o frictign, the length of such a pipe would be

L [ L
de’[_"_"'—?-+ A {U.I'.”
d " dl @ |

. Remember that iy this casgoL # L, + Ly + L3,

Example 9.
_ Replace 300 m of 250 mm diameter pipe (= 0.020) with an equivalent length of 150
mm diameter pipe (f= 0.0] 8). k
Solution  We have, L, =300 m, d; =250 mm =0.25 m, f; =l(],020,d1 =150 mm =0.i5m, [, .
=0.018 - |
IFrom Eq. (9.9), we have o ' '
A A} 0.02( 15)* it |
Ly =1, '—'-(—i] =3UU><;—1>-:(E'—-J =259 m
2 ey 0.018 10.25

Therefore, 25.9 m of 150 mm diameter pipe is equivalent to 300 m of 250 mm
diameter pipe.

Example 9. :

A compound pipe line is made up of pipes 45 cm in diameter for 900 m, 37.5 cm in

diameter for 450 m and 30 cm in diameter for 300 m. It is required to be replaced by apipeof .
uniform diameter. Find the diameter of the new pipe, assuming the length to remain the same.

: ; i
Solution We have, d; =45cm=0.45m, L; =900 m, dy =37.5 cm = 0.375 m, L2 =450 m,
d3=30cm=030m,Ly=300mand L =L, L, +Ly=900 +450 +300 = 1650 m
. Using the equation

L oL L. L
d* d} d} d

we obtain
1650 900 ~ 450 300 =93291] =/

= + +
d® 045" 0375° 0.30°

175
d:[ 620 ) =0.3716 m = 37.16 cm

232911
9.4 PIPES IN PARALLEL _ o el e
A combination of two or more pipes connected as in Fig. 9.3, so that the fow is '
divideg-among the pipes and then is : 1 ;
Joiped again, is a parallel-pipe system. —
series pipes, the discharge is & 2 u
ame in all the pipes and head losses —= . e .
are cumulative, Buf in parallel
pipes, the head losses are the same l |
and discharges are cumuhﬂ |
|
J

Fig. 9.3 Parallel pipe system
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Scanned with CamScanner



: T_U solve a problem involving parallcl-pipe system, the [olowing two condilions musl
be satisled: .
L ,I,Iw I“,‘“‘“I loss in cach parallel pipe is the same., ie. by - g = b
2. The discharge in the main line is cqual t the sum ol the discharges in the parallcl

lines, i.6. Q=Q, +Q; + Q;.

. A fnalhcnmtical determination of the division of flow can be made by usc of the
Darcy-Weisbach formula

Ly? 2 :
ST ) o1
d2g d2g(md*/4)* n'gd®

A= Vhkagd®

If only two branches | and 2 are in parallei, then Forcga g Vﬂ\ﬂ_rlr
502

&z(ﬂJ w |d2 5 [E2 9.16)

2, \d4, Lo VL

[f the diameters and the lengths of the two branches are known and the friction factors
are known or assumed, then Eq. (9.16) can be expressed as ’

so that

(9.15)

h, d*"

Q =F, _ (9.17)
where F is a known quantity. Moreover,

Q=0 +0, ) (;)'13}

where Q is the discharge through the approach or the exit pipe. With Q known or assumed,
simultaneous solution -of Eqs.(9.17) and (9.18) gives Qi and Q. Then, using thesc
discharges, head losses in pipes 1 and 2 can be computed. These must be cqual. I the
computations do not show them equal, the discharges should be adjusted by Wrial until
reasonable agreement is obtained.

This method can be extended to any number of branches in parallel. For example,
with three branches in parallel as in Fig. 9.3, itis possible to develop the relations

Q,=FQ, and O, = F"Q, (9.19)
which can be combined with the equation

Q=0,+0,+0, | (-20)

to obtain the flow in each of the three parallel branches.

Two types of problems with parallel-pipe system generally arise:

1. Having given the lengths and the diameters ol all the pipes and the allowable
head loss, to determine Q.

2. Having given the total discharge Q and the disnmeters and the lengths of (he
pipes, to find the distribution of flow and the head loss,

The st type is, in eflcet, the solution ol simple pipe problems for discharge, since
the head loss is known. These discharges arc added Lo determine the otal discharge,

The sccond type of - problem is more complex, as ncither the head loss nor the
discharge for any pipe is known. Two methods ol solution of this problem are as [ollows.

pe
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7

Method 1 ;

I Determine the division ol low in the branches in parallel. ’
discharges Qg and Qy in terms of Q) Then, using . (9.20), determine Q. From 0y, ; and
Q; can be obtained. '

2. Compute the head losses hy, hgp and hg. The loss of head in the parallel branches

should be equal.

T do sa, express the

Method 2
I. Assume a discharge Q) through pipe I.
2. Determine /1), using (he assumed discharge.

3. Using 1),, determine Q; and -

4, The 1:-""'v“ total ,-_|m_,[h"5t_ ()is \phl up mmnb the three plpu in the sume proportion
as O, () and Q '

a8 0= &=
| 0r3gl Gegp0 030
where ZQ =0, +Q;+Q3 .

3. Check the corrgetfiess of these discharges by computing hp, hiz and hg.

(9.21)

Example 9.5 ; ;

In Fig. 9.3, L) =900 m, d; = 300 mm, f, = 0.021, Ly = 600 m, d3 = 200 mm, f, =
0.018, Ly = 1200 m, d; = 400 mim, [3=0.019 and the head loss between A and 13 s 6.62 m.
Determine the discharge.

Solution From Eq.(9.6), we have for pipe |

L. L O SfolL'

a fd 2r_f'a' 2g(nd? 14} rlgd?

or

=0.1015m" /s

3 -__-\/hr. X7 xgxd] _J&smf x9.81x0.30°
| 8.'{|L| 8x0.021x900
Similarly

0, = "’:1"’*')-":.11)“": B -f;.lfrzx.u"x')..‘{Exlﬂ,Etl" A
2 = = =0.0487 '/ &

81,L, 8x0.018x% 600
0, =J"'n><ff’><gxa‘f LJ&.szfxg.szxo.qnﬁ i | .
ijfq BXUC'IQX]ZUD = E ?Hir .!.,'S‘

~ Q=040 +0,=0.1015 +0.0487 + 0.1897 = 0.3399 ms

Example 9.6

In Fig. 9.3, L., = 900 m, d; = 300 mm, f; = 0.021, Ly =600 m, cl; =200 mm, ;=

0.018, La = 1200 m, d; = 400 mm and H=0.019 ¥ora
a discharge o 0.34 m’:
(Tow through cach pipe and the loss of head between A and 13, = i lhe

Solution by Method 1 We have [rom Eq.(9.16)

512 512
__ [ J7 \/v 070 {)U'] 900 0450
0, d, o 030 D[]IS \ '
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5. 0y = 0.480Q,

Similarly (0
512 < - R T T———
QL;[.‘.’.’;J x\/;&_ ,\.J_T*,l [n.:m AH Jn.u:: thmn | RGY
b m—— ——— N o R - p—— = .
@ \d AV T L030 0.010 V1200
e Q_‘I. = ISE")(}L (”]

Since Q=Q, + <y -, we have
0.34 = Qi+ 0.480Q, + 1.869Q, =3 349Q,

oA 034 .
kA 3349 =0.1015 m? /s
Then
Q, =0.480x0.1015 = 0.0487 m* /4
and

Oy = 1.869%0.1015 = 0.1897 m* /&
Now, check the values of hyy, hys and hya. Using 13q.(9.6), we have
b= 8Q! /. L 8x0.1015% x0.021x900

1 F 5 ] 3

g, A x981x 03¢0

= 0,621 i

Similarly
807 ,L, 8x0.0487%x0.
o szzsz _ M7 x0.018x600 _ ¢ o\
7lgd; 7t %x9.81x0.20°
80 L, 8x0.1897% x0.019;
hy, = Q:.,Gsnz X : xﬂmf}\ilznu:ﬁmom
' T gd, z° x9.81x0.40

It is scen that the loss of head in the three branches is almost the same.

Solution by Method 2 Assume Q] = 0.085 m*/s. Then, using Eq.(9.6)

e _ SOAL, _ 8x0.0857 x0.021x 900
N mlgd) 77 % 9.81%0.30°

~. For pipe 2, we get

" oxrixgxd: _ 2 %9.81x0.20°
0 = Wyxm"xg 3____‘{1643:”1' x‘ x0.20 = 0.0408 ;i /s
? 8L, 8 0.018x 60O

and for pipe 3, we obtain
hy, x 7% x g xdy \F.643xn‘zx9.8|xﬂ.dﬁs
0! = -4 =
Y TR 8% 0.019%1200
The total di:ichnr‘gu for the assumed condition is
Q! + Q) 4 Q) = 0.085--0.0408 + 0.1589 = 0.2847 T
But the total discharge is 0.34 m’/s. So correcting the discharges in proportion, we

= 4,643 in

=0.1589 m' /&

obtain |
Q = pige %0.34=0.1015m’ s
0.2847
o, = 4.as % 0.34 =0.0487 m’ls
0.2847
O, = _(].\589 % 0.34 =0.1898 m*ls

1 0.2847 : o
Now, cheek the values of hn, hi and hp using V. (9.0).
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80UL, 8x0.10157x0.021x 900

h = =6.621m
M rtgd? T 2 x9.81x030°
2 : 1
p 2 80ifily _8x0.0487x0.018%600 _ ¢y,
" algd) 7t %9.81x0.20°
b o SOUALL _BxO.18987X0019x1200 oy,
Bl 7t % 9.8120.40

It is scen that the loss of head in the three branches is almost the same.

Note: Method | seems to be better than method 2.

9.5 PIPE NETWORKS _ _ ) ‘

Mr_g_ugp_itistribution systems are c0|15LruclL:d‘____1u_[h1._hlLﬂ]_Qf_Li}ﬂ]’_L0£JPb-
branches_and junctions, more or less complicated in arrangement. Such a_sxslem is ca‘lled a
hetwork The methods we have so far considered are not suitable for solving complicated
“Pipe netiork problems. An important advance in the solution of pipe network problems was
made by Fardy Cross, who developed a method of successive approximations by which the
distribution of flow in a pipe network can be determined.

Consider an clementary loop A in a genceral network ol pipes, as illustraled in Fig. 9.4,
The arrowheads indicate direction of flow. The
following two conditions must be satisfied for the

solution of pipe network problems.
. At any junction the total inflow must be s b

equal to te total outflow. 1 A
. The loss of head due to flow in a clockwise

direction around a loop must be equal to the loss of :
head due to flow in a counterclockwise direction. Thus \

>

in Fig. 9.4, the loss of head in pipes ab and be must be >

equal to the loss ol head in pipes ad, de and ce.

Fig. 9.4 Pipe nelwork

A flow may be assumed in each pipe of the loop which will meet the first condition.
Such assumed flow would mect condition 2 only by good luck. The computed loss of head in
the clockwise flow will not ordinarily be equal to the loss of head in counterclockwise Mlow.
Hardy Cross developed the following method of computing a correction 1o the assumed Mow
that WCM tend to equalize the loss of head in the two direclions.

For a given size, length and roughness of pipe, the loss of head varies as some

power
of the discharge, or ~~
hp= KQ" W = A& (9.22)
E'I:u;l:x;‘t::z::h?llt K :mdl n depend on the formula used. For the Darcy-Weisbach formula, it can
8/1
K=—"_ ;
ol _ (9.23)
and
n=2 (9.24)

Let the symbols 2 and Y. denote the summation of quantities in the ¢
anticlockwise direclions, respectively, In any clementary loop A
clockwise 1ow is the sum ol the losses in '
loop, and can be expressed as

Ve b= LeKQ!

lockwisc and
Cclem | the loss of head in
all pipes in which flow is clockwise around “he

(9.25)
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T T R _.;'_“ A=

Lchme, the !OES of head in counterclockwise flow can be cxpressed as
i hr - l‘:‘: KQl:r.“

[ As _pmmu.;g oul ﬂliovc. the first assumed direction of low wi : ;
equality of Zehpand Yoo by Assuming 3’ Iy to be larger, the positive quantity BIven
expression

2—“ KQL‘" = Zuu I{Qw”
represents the “error” of the loss of head. It is desired to delermine the amount of the flow
correcction AQ which, when subtracted from Q. and added to Qu. will equalize the head

losses in the two directions, and satisfy the condition
(9.27)

ZeK(Qe-AQ)" = Tee K(Qeet AQ)"

Expanding the quantities in parenthesis by the binomial theorem and retaining only

the first two terms
ZeK(Q"=nQc™ AQ) = Tee K(Qee™+ nQc'AQ) (9:28)

Solving for AQ, we obtain
KQ! - Q" :
RO e Q,:_, 2. ﬂ(a-ul _ (9.29)
3 KO+ 3 KO
From [£q.(9.22), dividing by Q

/
Ker—i -

(9.26)

Il ordinarily nol result in
by the

24 (9.30)

0

Using Eqs.(9.25), (9:26) and (9.30) into Eq. (9.29), we gel
AQ=

DI T I (9.31)
¥
4> 5

Determine the distribution offlow in the pipe network shown in Iig. 9.5(a). The Mows o

are in liters/sec. Use the Hardy Cros method. |

Exam

~ Solution
(e}
0 o ;g b
F
\r“_‘- 30 25
®
a ;‘-313 ch ‘\Lgs :

(¥ Tirst approximation ol flow

GO L ol
A
2957
e 1153

derected Now afler first adjustment (d) Corrected Mow alter second adjustment

Fig. 9.5 for Example 9.7
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An assumption of the flows in all pipes is made as shown in Fig. 9.5(b) such that the ;
total inflow cquals the total outlow at cach junction. With n =2 iII'lL-T the given K-Villlll.‘.‘i- andl ; 1
using Bqu(9.22), the loss ol head in the pipes in a clockwise  direction and in @
counterclockwise direction is computed for the loops A and 13 and the sum ol }h:: losses in
cach dircction is determined. The quantity h/Q is also compulted for all pipes in cach loop
and summed up. Equation (9.31) is then used to dc?lcrminc AQ for eac?} Inqp. The E
computations are shown in a table in which the clockwise losses are shown [irst for each ;

loop.

The corrections are then applicd to the flows of Fig. 9.5(b). If the clockwise losses
exceed the counterclockwise losses, the algebraic sum of their difference is positive g
clockwise flow must be reduced by an amount AQ and the counterclockwise f'!ow increased
by the same amount. Pipe ad is common to two loops and []1chf0[f: reqrires. [_I()Ublc
correction. The corrected flow after the first adjustment is shown in Fig. 9.5(c). A second
computation using the corrected flows is then made and the c::rr(':c[cd Now “mfr e scemt{
adjustment is shown in Fig. 9.5(d). The proccgsTs repeated Gl the corrections become
negligible in amount.

{rst ydjustment

e . e - e 6 e SR
P ————————————— e PP EEEEEEE S b

Loop A [ Loop B

= p—— P pp—— e
e - —— —— -
- —

................. - -

Pipe K AssumedQ hr=KQ? h/Q | Pipe K AssumedQ h=KQ' h/Q

- - -
e —— -

ab 1 15 225 15 | ad 4 /2643 2794.18  105.72
bd 3 25 1875 . | |
| \ 2794.18
2100 [ _ s
| ac 2 IS 450 30
ad 4 30 3600 120 | e 2 30 1800 - 60
— e I ______ PR
3600 210 | 2250 195.72
i
ﬂgzzloo—mn:_”? | ﬁgzzm.ls-zzsezﬂjg
2x210 2x195.72

i

Sccond adjustment

- e - 5 5 o

—————— P ——

Loop A | Loop B3

O B 5 o 5 i

Pipe K AssumedQ hr=KQ' hyQ | Pipe K AssumedQ h=KQ* h/Q

- 0 5 - B
A e e e L D T

ab | 18R 34484 1857 | ad 4 2574 265019 10296
bd 3 2857 244873 8571 | e

l

......... 1 20650.19
2793.57 I
|

ac 2 1639 537.26 3278
ad 4 25.04 2508.01 10016 | ed 2 3139 1970.66 6278

250801 20444 |

2507.92  198.52

03.57 - 2508.01 250,19 -2
_ 279357 = 200808 6,70 | AQ = 2050.19 ~2507.92 =+0.36
2)(2051.44 2x 198.52
---------------------------------------------------------------------------------------------------------------- ;
[0 |
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%EL\EEFI"}?)EHING PIPES  CONNECTING RESERVOIRS AT DIFFERENT r’.x!
i o LUE THREE-RESERVOIR PROBLIM
of stcady ﬂ['{%{vg;f?lﬁ’ Band Care !hrr.:c reservoirs connected by pipes 1, 2 and 3. A condition
respectively the JI '*CiOnst'nn[ rescrvoir levels is assumed, Let Ly, dy, Qq and V represent
bl witiyoge _C‘"-!I:.H, diameter, discharge and mean velocity for pipe |, and the same p
.. rcs-urvm'r ‘,n. :.’L”'T-S..z i.”“I 3 represent the corresponding terms for pipes 2 and E.h:;ﬁllj_nu
branching pipes c}"‘:”” '_":" 'cSUI‘VGII‘:f 13 and C so tial Qy = Qp + Q. Many problems with
outlined. ohnecting reservoirs arise. Methads of solving three of these problems are

1. Having pi i i i
' ng gstven the lengths and diameters of all pipes and clevations of the threc
reservoirs, to determine Q1,Qz and Q;.

This ; 2 - . .
problem can be solyed analytically. Using the Darcy-Weisbach formula. fiom

Fig 9.6
2 2
Hy=hy+h, = <Rt LV
r B B e
! d 2g zdz 2g N
and
e S n
H,. = f';” -| L = [ vl Sl S Ly “ (9.33)

d 2g "'d,2g

FFig. 9.6 Branching pipes connecling three reservoirs

Also, since Q; = Q; + Qs, we have
div, = dv, +d;V, L (934)

With Hg, H, the lengths and diameters of all pipes known, the above three equations can i
solved simultaneously for Vi, Vz and V.

2. Having given the lengths and diznmeters of all pipes, Q and the clevations of -
waler surfuces in reservoirs A and By to determine the elevation of waler surface in
reservoir C,

Using Q,, determine hy, the hf:ur_i loss in pipe 1. Then, hy = Hy = by, the head loss in
pipe 2, using which Q can be determined. Then Qs = Q) — Qz, With Qy, the head foss I s
3 can be computed and the clevation of water surface in reservoir C ean e pigine .

3. Having given the lengths of all pipes, the clevations of water surfaces in all
reservoirs, Q and the diameters of bwo pipes dy and dy, to determine ;.

Determine hy, Qz and Qs as for case 2. Then with Qy and by = 14, - b2 known,

compute dj.

1
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Example 9.8

. A 60 cm pipe is supplied with waler from a reservoir A (Fig. 9.6), and al a point P itjs
divided into (wo branches of' 45 cm and 30 cm diameter, which discharge into reservoirs B
and C, respectively. Length of 60 cm pipe is 600 m, length of'45 ¢cm pipe is 900 m and length
of 30 ¢m pipe is 450 m. The surlace levels in A, 3 and C and the level at P arc 30, 21, 15 and

24 m above datum, respectively. Find the velocity of flow and discharge in cach pipe. Take [

= 0.028. Negleet losses other than due to friction,

Solution  We have, d, = 60 ¢ = 0.60 mdy =45 ecm=045m,d3=30cm=030m, L, =
600 m, L, = 900 m, L, = 450 m,zy =30m,zg= 2l m,zc=15mand zp =24 m and f=
0.028. Referring to Fig, 9. ,

' 2

L¥

Hy=z,-z,=h, +h,= 2%
H 4 i TR b fdl 25.’ ..'1'1 23

1 V!
Orj 30—2120.{}28}(-20_05(__.}1_4_0028)(@}( 2
0.60 2x9.81 0.45 2x958]
2 2
or, 9 = 28£’I—— 4 56-&
2g 28
Yy =43.153-0.507 (i)
. ; ' L. J* L.
Again, H, = ot Pl D P X ST s [l AT et i 8
?. Ze =0y iy, fd‘ 2 Id: 2
2 §
or, 30—15:0.028:::6—004:% 4 +[}‘028xﬁx 2 1
0.60 2x9.81 030 2x9.31

or, 15=28-1 44773
2g 2g

¥y =700 2066717 (i)

Since Qi =Qy+ Q; or dlV, =d;V, +d2V,, we have

AN

0.60% x ¥, = 0.45? x ¥, + 0.30? x Y,

0.36% = 0.2025,/3.153 - 0,51 + 0.09J?.00?—0.66?V,2

By trial, we obtain

or

Vi=1.42m/s
Then

Vy = V3.153-0.5x1.427 =1.46 /s
and : |

Vy = V7.007-0.667% 1427 = 238 py/
Therefore, we oblain

0 = %x 0.60° x .42 =0.40 m*/

0, =%xn.4sz x146=023m’ / 5

0, =Z %030 x2.38= 017w/
f 'i

Check: Q2+ Q=023 1017 = 0.0 m'Ys =,
. 112
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PROBLEMS AND EXERCISES

9.1 State v ine
(e when two pipe Syslems are said (0 be cquivalent.

9.2 Whal do you mean by equivalent pipe?

9_3_ State 1hf:. conditions of discharges and head losses when the pipes are (i) connected in
series, and (ii) connected iy parallel.

9:4 What is a pipe hetwork? State the two conditions which are to be satislied for solving a
pipe network problenm,

9.5 Describe the Hardy Cross method to determine the distribution flow in a pipe network. -

9.6 SUIIPOS:_: You want to increase (he discharge through a long pipe conveying walter [rom
onc reservoir o another reservoir under the same head ol water. How can you do it?

9.7 Water is discharged from a tank to another tank having 30 m difference of water fevels
through a pipe 1200 m long. The diameter of the first 600 m length of the pipe is 400 mm, lor
the next 400 m length of the pipe is 300 mm and for the remaining length of the pipe is 250
mm. Find the discharge through the pipe system, taking into consideration the frictional
losses only. Assume f= 0.020.

9.8 A 50 mm pipc takes off abruptly from a large tank, runs 20 m and then expands abruptly
to 100 mm diameler, again runs for 30 m and then discharges directly into the open air. The
discharge through the pipe system is 10 liters/scc. Compute the necessary height of water
surface above the point of discharge. Take f; = 0.020 and f> = 0.024. Include the minor losses.

9.9 (1) Replace 500 m ol 200 mm diameter pipe (I'= 0.016) with an equivalent length of 100

min diameter pipe (F=0.020).
(b) A compound pipe consists of three pipes connected in series. The first pipe is 900 m

long and 45 ¢cm in diameter. The second pipe is 450 m long and 40 cm in diameter. The third
pipe is 300 m long and 30 cm in diameter. Find the equivalent length of a pipe which has a
uniform diameter of 50 cm to replace the compound pipe. '

(c) If the compound pipe of Problem 9.9(b) is to be replaced by a pipe of uniform diameter
but of the same length, find the diameter of the equivalent pipe,

9.10 Two pipes arc conneeled in parallel between two reservoirs as shown in Fig. 9.7 with
length Ly, = 2400 m. d;p-=1.2m, I =0.026, ., = 24(1'{! m, f:lz =lImand I3 = 0.019. Find the
lotal discharge, il the difference in water surface clevations in the two reservoirs js 3.5 m.

Fig. 9.7 (Problem 9.10)
113
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?.ll I the head loss from A o 1 in Fig, D8
is 4 m, determine the tolal How, Take 1=
0.020 Tor both ¢he pipes,

9.12 The discharpe ol the pipe system

the hend loss Trom A o D, Fake T 02020
for all the pipes.

7001 of 30 cmn

20001n & E__!_"..'{?..f'_.!,'i!.

i
il R s i

shown in Fip. 9.9 is 0.50 m's Detenming A Do ol 4o )

g Y.b Problen 9.01)

o R

1000 m of F0am | Hoom of 20em
A LT B e

4“—‘)

Bod i of docm

c

Fig. 9.9 (Problem 0.12)

9.13(a) Two reservoirs having a difference of water levels of 15 mag shown in Fig, 9,00 are
connecled by a pipe 200 mm in diameter and 3000 m long. Calenlate (he diseharge throngh
the pipe in liters per minute. Take (= 0,024 and negleet all losses ofher (han that due to

friction.

(400 C‘J.E) (;‘:0 e

a--—--'—""‘“l - .7

by ey D

(b) 1T a parallel line 300 mm it diameter and 1200 m long is conneeted to the last 1200 m
of the pipe line to increase the discharge (o the lower reservoir, caleulate the inerease in
discharge in liters per minute duc to the addition of the parallel line.

Fig. 900 (Problem 9.13)

@Jsing the Hadry Cross method, determine the
Sws in the network shown in Fig, 9,11 The flows

arc in lilers/see.

9.15 Three reservoirs A, B and C are connected by a
pipe system as shown in Fig. 9.6. Find the discharge
in cach pipe if = 0.027, Pipe AP is 800 m long and
600 mm in diamelter, pipe PB is1000 m long and 400
mm in digmeler and pipe PC is 500 m long, and 300
mm in dinmeter. The :;url'n_cc levels in A, Dand C and
the level at P arc 12, 22, 18 and 25 m above datum,

. ively.
respectively Mok ko ok

114
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Chapter 10

FLUID MEASUREMENT

10.1 INTRODUCTION

Fluid measurements include the determin

waves, density gradients, turbulence and viscosit
may be taken, ¢.g. dircct |
optical. Direct measure

ation of pressure, velocity, discharge, shock
: y. There are many ways these measurements
+ indirect, gravimetric, volumetric, clectronic, clectromagnetic and
: : ments for discharge consist in the determination ol the volume or
weight of fluid that passes a section in a given time interval, Indircct methods of discharge

mc.asur‘cment require the determination of head, difference in pressure, or velocity al several
points in a c'ross-:v.cc!inn and, with these, computing the discharge. The most precisc methods
arc th*_? gravimetric or volumeltric determinations, in which the m:rcighl or volume is measured
by weight scales or by a calibrated tank for a time interval that is measured by a stop waltch.

@' ITOT TUBE

A bent L-shaped glass tube with both ends open, similar to Fig. 10.1, is called a Pitol
tube, afler the French scientist Henry Pitol (1695-1771). Itis used for measuring the velocity

of flow at a point in a pipe or stream. When the -]

be is first placed in a moving stream with one -
end facing the current, the liquid enters the fube 17

until the liquid surlace rises a distance equal Lo g "IV.&—-‘%:

h due to pressure excried by the flowing liquid.

Let point 1 be in the undisturbed stream far == | [ ——

enough upstream so that the velocity here is not - -
affected by the presence of the tube. Let point 2

be on the axis of the tube and at the same H h+ |
elevation as point 1. As the liquid particle W 2
moves from | to 2, its velocity is gradually \g =

reduced from v al | to practically zero al 2.
: Fig, 1001 Pitol tube

Applying the cnergy equation between points | and 2, the elevation heads being

cqual, and neglecting losses
2

H4e—=(H+h)+0
2g

or

(10.1)

Hence, the velocity head v/2g at | is transformed into pressure head at 2, and because
of the incrcased pressure inside the tube, a column of head vZIZg is maintained inside the tube
above the free liquid surface outside. By measuring the rise of liquid h in the be, we can
find out the velocity of flow at point |.

The velocity obtained by Eq.(10.1) is often multiplicd by a coelficient ¢, known as.

the Pitot tube coefficient, such that

v=g2gh (10.2)

This coefficient takes into account the error due to turbulence and energy “losses. The
numerical value of this cocfficient varies from 0.95 to 1.0.

115
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The Pitot wbe method is one of the most accurate methods of finding the velocity of
flow in a pipe or in an open channel.

The Pitot tube can be used o measure the velocity of water inan open charinel as wel
as ina closed pipe. For an open channl, a simple Pitol tube, explained above, """lll serve the
purpose. However, for a closed pipe in which the water is flowing, umllcr pressure, it is
necessary to measure the static pressure p also. Then the vcloch head will be “”!”:ﬂ“m ufz
total Pitot tube reading minus the static pressure head. The static pressure head ‘|.s Tum::r}
by inserting another L-shaped tube with its cnd pointing towards the Now downstrcam f il;'.
10.2a). The water will be drawn in this wbe due to static pressurc. If. now llnf lu'r_}cs are
connected by an inverted U-tube manometer, the difference of water hmgtnt h WI|’| pive lh'*:
velocity head. Such an arrangement is known as Pifot meler or Pitot static mbc,hl"hc‘leal‘lc
pressure can also be measured by inserting the other end of the inverted U-tube to the pipe, as
shown in Fig. 10.2(b).

ey PRELOdE-BIROET HH
l.:l’-lr
o o PTh

|
I

e e S B Gema A W e ——— ——
—— — — p— e — — e —

Fig. 10.2 Pitot tube in a pipe
Example 10.1

A Pitol tube is placed in water as shown in Fig. 10.1 and the liquid rises in the tube (o
a height ol 10 em above the waler surlace outside the tube. Caleulate the velocity of stream
upstrcam ol the tube.

Solution Herc,h=10cm =0.10m .
The velocity of the stream upstream of the tube is

v=12gh =2x9.81x0.10 =1.40 m/s

ENTURIMETER

An example of the practical use of the Bernoulli equation is provided by the
Vcnlt[rlmcter-. This instrument, which is widely used for measuring discharge through a pipe,
especially large discharges, was invented by an American engincer, Clemens Herschel, in
1887 and was named by him in honor of the original discoverer of the principle involved, G.
B. Venturi;-an lNalian philosopher.

A Venturimeter (Fig. IO..."S) inits simple form consists of (i) a short converging cone
BC connccted to the approach pipe at the inlet end B, (i1) a cylindrical throat CD. and (iii) a
gradually diverging cone DE connected to the pipe at the outlet end E. The Venturimeter may
be horizontal, vertical or inclined, but it is gencrally kept horizontal. The Venturimeter must
run full and it should be prcc:cdt:q by a straight length of pipe of not less than § to 10
diameters of pipe to reduce most of the turbulence in order to gel accurate results. In order 10
avoid the tendency of fluid to separate at the throat due to increase in velocity and decrease in
pressure, the ralio ol-t‘hc mrnm-dl{?n:ntijr‘tc: pipe dlamc.tcr should be % 10 %, the most suitable
value being % 10 . Ll '\'”E?:‘L(Co'm 1s made equal 10 3 10 4 times the length

4]
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of the convergent cone to reduce the frictional loss ol head caused by lurbulence 23 e
celocity is reduced. When the [rictional losses are of least consideration, he V””',”.r"“c.wl:
can be made with convergent and divergence angles up (o 30" and 14", respectively. [he siae
of a Venturimeter is expressed in terms of infet and throat diameters, €64 30 cmx [0 ¢in
-yenturimeter fits a 30 em diameter pipe and has a throat of 10 ¢m diameler.

G IElRA R er (h) | forizontal enturimeler with
Jiflerential manomelter
Fig, 10.3 Venturimeter

Let Vy, pr and zy represent the mean velocity, pressure and clevation, rcsp?Cllv{:'Iy’I:H
point | in the inlet. Let V,, p2 and z; represent the corresponding quantities at point 2 in the
throat. Writing energy cquation between points 1 and 2, neglecting friction and assuming

uniform velocity in cach cross-section, we gel

s 2 ri
zl+-p—'+£l—=zz+'u—’-1-l—’— (10.3)
y 2g Yy 28 :
or ; '
] 2
. ( i L] _(ZZ 5 fi] (10.4)
g 2g 4 Y

This cquation shows that the increase in kinctic encrgy is cqual to the decrease in
potential energy, a statement which has been called the Venturi principle. The decrease in
potential encrgy is the difference in levels of liquid in piczometer tubes connected to the inlet
and throat. It is commonly mcasured by means of a U-tube or differential manometer
connecting inlet and throat (Fig. 10.3b). Two piczometer {ubes inserted at the inlet and throal
may also serve the purpose (Fig. 10.3a). ‘

Now, applying the equation of continuity between sections | and 2

Q: AII;I =A!V2 : ‘ (IUS] .
Combining Eqs.(10.4) and (10.5), the velocity at cither section | or 2 can be obtained. With
the area known, the theoretical discharge Q, can bg computed, For example, il we compule
V., then from Eq.(10.5)

2 2 2 ’
2g 2g\ A4

and combining Eqs.(10.4) and (10.6), we obtain

2gh (10.7)
A,‘ - Af
)_[zz . f_z) i
¥
117
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When the Venturimeter is horizontal, z; = 7, and

e Bl od (10.10)
¥ ¥

Here, h is known as the Venturi head and represents the difference in pressurc hcml.':.. o

The actual discharge Q of a Venturimeter will be less than the lllcml-‘lfﬂﬂldlbﬁhz’fé'- 2
given by Eq.(10.8) owing to the non-unilorm distribution of velocity over the pipe SFC{:'{I’: as
well as friclion and other losses. The theorctical discharge is therefore multiplicd by a
correction factor Cy, less than unity, to get the actual discharge Q, or

(10.11)

The correction factor Cy is known as the meter coefficient or the a_*;.s-chwge coefficient.
It is best determined by measuring the actual flow Q through the Venturimeler Byl ol
weight, computing the theoretical flow Q, from the manometer reading and the Mokt
dimensions and computing the ratio of Q to Qi The value of Cy i ulluctgd h_',{ the ratio ol A;_
to Ay, velocity, kinematic viscosity of Tuid Howing and the roughness ol the inner surlace o
the Venturimeter. However, the coelTicient of a standard "Venturimeter has a Fairly constant

value between 0.96 and 0.99.
AN e JZg
A

is generally known as Venturime .
Venturimeters are usually installed in an approximately horizontal position. However,
for a given discharge the difference between the elevations of the liquids in the two
piezometers (Fig. 10.3a) or the differential manometer reading (Fig. 10.3b) will be the same
regardless of weather the meler is horizontal or inclined. Since it is assumed thal the
discharge remains the same, the increase in kinctic cnergy and likewise the decrcase in
potential energy must also remain unchanged regardless of the pusition ol the meler,

E"““‘PL

ofizontal Ventuimeter having a throat 10 cm in diameter is installed ina 30 em
pipe and is used for measuring the flow of oil of specific gravity 0.9. The oil-mercury
differential manometer shows a gauge difference of 20 cm. Calculate the aclual discharge in
liters per sec if the meter coefficient is 0.98.

In Eq.(10.8), the factor, is constant for a particular Venturimeter and

gt;lution We have, dy =30cm =030m, d; = 10 ém =0.10 m, Specific gravity of oil =

Pressure difference=20cm, Cy=0.98

Arca at inlet, 4, z%x d} %x&}ﬂ’ =0.071 m’

Arca at throat, 4, =-;£>< d; = %KD.IDI =0.0079 m?

Difference in pressure head, h = 20 cm of mercury
_ 20"13.6

= ——(=—=1)=2.822 m ol uil

100" 0.9
_A4 0.071%0.0079
5 Q=2 = e x 20 R
O T it} Tt ooy V2x ORI 82

=(),0588 mls = 58.80 liters/see

L Q=C,x0 = 0.98 % 58.80 = 57.63 liters/see

8

s A —— .
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Dgscriptiun

An orifice is an opening in the wall of a vessel through which
usual _prPOSﬂ of an orifice is the measurement of flow. The orifices aie
(o their size, shape, shape of the upstream end and discharge condition as follows.

a liquid flows. The
lassilied according

a) Size - : Simall and large orilices

b) Shape  Circular, rectangular, squarc and triangular orifices

¢) Shape of the upstream end; Sharp-edged and rounded or hell-mouthed orifices

) Discharge condition : Freely discharging, and drowned or submierged orilices

Thcurcticn] Velocity
Consider a vessel fitted with a vertical rounded orifice discharging water into the

atmosphere under a head of H as shown in Fig. 10.4, The upper surface of the liquid in the
vessel is also exposed to the atmosphere. :

The liquid particles, in order to flow out through the orifice, move towards the orifice
from all directions. Because of the inertia of these particles, they cannot make abrupt changes _
in their directions to reach the orifice and they therefore :
follow curvilinear paths that cause the jet to contract for a
short distance after leaving the orifice. The scction C-C
where contraction ol the jet is maximum is known as the
vena contracta. For a sharp-edged orifice, the vena
contracta is found to be ata distance of about onc-hall

diameler downstream from the plane of the orifice. Al the
vena conlracta, the streamlines are parallel to one another, i
the prassure is atmospheric and the velocity of liquid is
maximum. Obviously, there is no contraction ol the jet
beyond the vena contracta, ' - :

y

ol

Fig.10.4 Discharge from orifice

wans discharge through a vertical orifice under
In orlice How, however, velocity is
“The mean velocily thus vbtained is
in the channel of” approach, called the

Since liquid particles at dilferent cleval
dilferent heads, their veloeitics arc not the same.
ordinarily taken as the velocity duc lo mean head 11

represenied by the symbol Vi, while the mean velocity
velocity of approach, is represented by Va. Considering points | and 2 as shown in Fig. 104

and applying the cnergy equation between them, we obtain
Vl V‘Z :
A= (10.12)

or
(10.13)

the vessel is large compared to the arca ol the orilice, the

IT the cross-sectional arca ol
ble, and

velocity of approach becomcs negligi

V, =+2gH (10.14)

In Eq.(10.13) the quantity in brackets and in.Eq.(Iﬂ.':-ﬂ the quantity H represent the
total head producing flow. Equation (10.14) indicates that the theoretical, velocity of
discharge from an orifice, i ¢ the velocity which would exist if there were no loss ol head, is
the velocity acquired by a body falling frecly in a vacuum through a height equal to the total
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head o the orifice, This principle, diseovered by orricelli in 1644, 18 fnown a5 (e

Torrvicelli's theorem,

Lxample Iﬂ..\\/
[ ] -~ q ;I ‘i ] : slici k!
A wateMimain pives a pressure reading of 490 kN/m?, Find (he theorelical rate al

which water in it is escaped throuph o circular orifice 2.5 cm in diameler,
5 4 i T J . an

Solution  We have, p e 490 kKN, Diameter ol arilice, o+ 2.5¢em @ 002 m
We knoy that, p = yll

N DAL 209,59 mool water

Theoretical velocity of flow through the orifice

JERTT = JAXO T 9,50 = 3130 m/

i;'l &
escaped though (he orilice

“Theoretical rate of Mow at which water is

Q= ATy E\ 0.025% x31.30 = 0,015 ' /s

Cacfficient of Velocity

The actual velocity of the orifice jet at the vena contrac
velocity, because of the frictional resistance that oceurs a3 he liquid enters and passcs
through the orifice. The ratio of the actual mean velocity vV of the jet at the vena fzunlruclil lo
the theoretical velocity Vyat the vena contracta that would oceur without [riction is called the

coeflicient of velacity and is designated by Cy. Thus,

la is less than the theorelical

4
C"::T ad V=CVF, (10.15)

I i
The value of Cy varics from 0.95 to 0.99, the average value being 0.97. The value of
C, generally increases with the head under which the flow takes place. :

Cocfficient of Confraction

The ratio of the cross-sectivnal area ol the jet at the vena contracta Lo the area
orifice is called the coclTicient of contraction. 11 a and A represent respectively the eross:
sectional arca of the jet at the vena contracta and the arca of the orifice and C s the
coclficient of contraction, then

2] a ol
C == o a=C,A - (10.16)

‘r
A
The theoretical value of Ce is w(x 4 2) = 0.611, but in practice ils value varics from
0.61 to 0.69, depending on the size and shape of the orifice and available head of the liguid
under which the flow takes place. An average value of C is about 0.64.

ol the

Theoretical and Actual Discharges

IV, be the theoretical velocity given by Eg.(10. 1Ay amd A be the cross-sectional are

of the orifice, then the (heoretical discharge through the orilice is given hy
0, = AV, = Ayl (10.17)

On the other han :
discharge through the orifice is given by

0=aV | (10.18)
Since a = C.A and V = C,Vy, the ahmwuminn becomes
g =C. A% ¢V =CoAx L JZ;;H = C.C,Ay2al (10.19)
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" _|t 15 l:i.‘:lll:ii o replace the product C.C, with a sinple coclticient Cy, ‘-'Fl”ﬂd'““:
cocllicient of discharge. The cquation for the actual discharge of a fluid through an orifice
(hus becomes :

Q =C,AJ2gll (10.20)

Coeffigient of Discharg
The ratio of the_actual discharge theough an orifice o the theoretical discharge 18

knownas-the coclficient ui'disuhmc_j
L

L(gd ] Ac.‘.‘m.".F discharge () (10.21)
Theoretical discharge  Q,
and comparing Eqs.(10.19) and (10.20), we obtain
o : . (10.22)

The valuc of Cy varics with the values of Cy and Ce. It varies from 0.59 to 0.63
depending upon the shape and size of the orifice, the head of liquid under which the flow
takes place, the approach conditions and the viscosity of the fluid. An average value of Cq 15

about 0.62.

Head Lost in an Orifice

Orifice flow is no exception to the general rule that fuid motionis-.always
accompanied by an expenditure of cnergy. For use in hydraulic engineering problems, the
loss of energy due to flow through an orifice is convenicntly cxpressed in two ways: (l1)asa

function of the velocity head, and (2) as a function of the total head.
1. Consider a {luid to be discharged from an orifice under a total head of . The

velocity of flow isV =C, J2gH |, from which the original head
2 3 )
B (1023)
cr2e ,
The head remaining in the jet is the velocity head V¥2g. So, the lost head Hg = original head
—remaining head, or .

1 1 2 i p '
I,‘ru;.‘r.;__f_/.:__]._if_...lj_-: .—.T—l — (10.24)
2g CX2g 28 \C, 25
2. From Eq.(10.23), the yelocity head in the jet
E. =C*H : ‘ (10.25)
2g '
Therefore, the lost head _
1
Hq =H -Z—= H-CHI =(1-CHH (10.26)
g

The ratio of the loss of head in an orifice to the head of waler available at the exil of

the orifice is called the coefficient of resistance Cy, i.c.

C Loss of head in the orifice =t o2
' = Head of water available at the exit of the orifice V*12g |

Using Eq.(10.24), we obtain

L I ]]VI ’ v - syt

'__i- — . - [ L |
2g -

c NG L, (10.28)
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L e

‘coordinates of any other point P in the jet. Neglecting air

Experimental Determination of Orifice Cocfficients ) .
(1) Determination of the coefficient of discharge Cy: The cocflicientol discharge
Cy is ol greatest value to the engineers. From Eqs. (10.17) and (10.21), we pel
Actual diselrarge [ [ {10.29)

~ Theorclical discharge F 0, U ggﬁ |
y measuring the actual discharge through

of

The simplest method of determining Cq is b g Lhe. 20)
the orifice, the area of the orifice and the total head, and then using [q.(10.29).
(2) Determination of the cocfficient of velocity Cy: The callicient ol velucity Cy
can be obtained from the equation
. (10.30)

" J2gH
il the velocity of the jet at the vena contr
velocity of the jet al the vena contracta can b compu : . 1
measured discharge Q. It can also be determined wilh fair accuracy with a Pitot tubce or by the
coordinate method presented below.,

acta V and the total head 11 are determined. The
ted [rom the arca of the jet and the

The Coordinate Method of Determining C, = N _

Figure 10.5 represents a side view of a jet from an onilicc. The jel at the vem
contracta is traveling horizontally with a velocity V. The foree of
gravity causes the jet to move downward. Let x and y be the

resistance, the horizontal component of the jet velocity is
constant with the time t, from which

x=V ,
The jet has a downward acceleration which conforms to the law
of falling bodies from which '

I 2
=—gl
¥y 7 & , v
Eliminating t between the above two equations Fig. 10.5 Determination of C, by
coordinate methad
22, | 0.31
= 10.3
- (1031)

which is thtlz_gquation ofa parabola with its vertex at the vena contracta. It is thus obvious that
the path of a jet from a vertical orilice is a parabola.

Solving Eq.(10.31) for V, we get

_ & '
V= 2 ’ : (10.32)
Now, the theoretical velocity of jet is
V,=\2gH
* The coefficient of velocity, C, = L = _.'i_ 10.33

(3) Determination of the coefficient of con
contraction may be found by measuring the wea ol the
dividing the same by the arca.ol the orilice, i.c.

Area of the jet al the ve

: traction C¢ The coelficient of
Jetat the vena contracta, and then by

Het conlracla ¢
Area of the orifice V]

122

Cocfficient of contraction, C, =

(10.34)

Scanned with CamScanner

l..‘



h It is often difficult (o locate the vena contracta exactly and measure the area of the je!
at the vena contracia accuralely. Therefore, it is recommended that the coefficient of
contraction C¢ be determined using the relation

s, Cc-‘
c. T Cc (10.35)

¥

Example 10.4
A 60 mm diameter orifice iy discharging water under a head of 9 m. Cafculate the

actual discharge in liters per second and ae i e : e s
i actual velocity ol the jet at the vena contracta, il'Cy =
0.62 and C, = 0.96, Y J

Solution Given, d = 60 mm = 0.06 m, H=9 m, C; = 0.62. Cy=10.96
Areca of the orifice, 4 = -;ix L 0.06% = 0.00282 m?
4

The theoretical discharge through the orifice is

Q = AN28HT = 0,00282% V2 %9870 = 0.0375 m" /.5 =37.50 liters/ sec
" The actual discharge through the orifice is

Q= C'JQJ‘ =0.62x0.0375 = 0.02323 m” / s = 23.23 liters [ scc

The theoretical velocity of the jet at vena contracta

Bo=+2gH =2%x9.81x9 = 13.20 m/5
. The actual velocity of the jet at vena contracta

K=CV,=096x1329=12.76m/s

Example 10.5° _

Water flows through a circular orifice 2.5 cm in diameter in the side of a tank. The
constant head of water above the center of the orifice is 75 cm. The coordinates of the center
line of the jet are 30 cm horizontally from the vena contracla and 3.2 em vertically below the
center of the orifice. The discharge from the orifice is 1186 liters/sec. Find the orilice
coclTicients Cy, C, and C,.

Solution Given,d=25cm=0.025m, H=75cm =0.75 m, x = 30 cm = 0.30 m,y=3.12
cm = A
0.032 m, Q = 1.186 liters/sec = 0.001186 m*/s

Arca of the orifice, A = fd*"— = %x 0.025% =0.000491 m*

0.001186
Coefficient of discharge, C, = -Q= g = =0.63
O, AJ2gH 0.000491x2x9.81x0.75
Cocllici [ vel L ‘xl__l - J f]".],ﬂz_ w= - (197
oclhicient ol veloeity, €7, = -4—.1,” : 4700325 074 "
Coeffici - i ¢ __(',._I'I{rﬂ.“_l_
ocfficient of contraction. (', = el
%
/10 MOUTHPIECES
= It has been determined experimentally that if a short pipe is fitted to an orifice, it will

Increase the discharge through the orifice by increasing the value of the coclficient of
discharge. Such a pipe, whosc length is gencrally more than 2 times the diameter of the
orifice and is fitted to the orifice cxternally or internally is known as a mouthpicce. The
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i : aki run full of water and

mouthpicces are used to increase the discharge by making them

increasing the coefficient of contraction.
The mouthpicces are classificd based

follows: —
a) Position . External and internal mouthpieces

-b) Shape : Cylindrical, convergent and conve B e
¢) Nature of discharge: Mouthpicees running full and running

on the position. shape and nature ol discharge as

rent-divergent mouthpicces

External Mouthpicce

The discharge through an ori i
sufficient length to the outside of the orifice as shown in Fig. ce. We know that he
is attached externally to an orifice is known as the external mouthpiece.

. . » orifice. If
vena contracta occurs one-half diameter of the orifice away from the iﬁ’;::*;;'}t:f:;zz:;mm:
an cxternal mouthpicce is fitted to the orifice and it has a length more :

then the vena contracta will occur inside the moulhp!ccc-
The minimum length of the mouthpiece is 2 to 3 times
the diameter of the orifice. The jet will diverge after 1_he
vena contracta and thus the mouthpicee will be full with
waler, which makes the cocllicient of conlraction as
unity. The cocllicient ol velocity is about (.85 and henee
the coeflicient of discharge will be 6.85.

[ ipe of
: creascd by fitting a short tube or pipe o
flog ey 10.6. Such a tube or pipe which

Fig. 10.6 External mouthpicce

Let V be the velacity of the liquid at outlet and V. be the velocity of the liquid at the
vena contracta. Assuming that the coefficicnt of contraction is 0.62, we have

a=C,A=0.624 (iﬂ.}l’l‘l "
As the flow is continuous, we have
aV.=AV : (10.37)
Combining the above two equations, we have '
gl b (10.38)
a 0.62

We sec that the jet after contracting at section |-1, suddenly enlarges at section 2-2.
Due to this sudden enlargement, there will be a loss of head '

[L al
v.-vy \062 ) P
};,=( w=H) =l (10.39)
2g 1g 28
Applying the energy equation between A and B, we have
V?. Vl V! )
H=—*+h, =—+0.3?5_=I.3?SV— (10.40)
2g 2g 2g - 2g

or
V= ‘%% = 0855 2gH (1041
' Ii i " an

We know that the theoretical velocity at the outlet

V,=y2gH
Actual velocity 0.855,/2gH

T

-, Coefficient of velocily, C, = 0.855 (10.42)

Theoretical velocity
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we lirst determine the

For finding the discharge through the cxternal mouthpicee, ,
he cocelTicient of

cocfticient of discharge for the mouthpicce, Considering seetion 2-2,
dischﬂrgc

C, =C,xC, =0.855x1=0.855 (10.43)

This shows that the coefficient of discharge has considerably increased by [itling an
external mouthpiece. The discharge through the mouthpiece is given by

Q=C,A2gH =0.8554(2gH (10.44)

I_t has been c::-}pﬂinmntally found that there is some loss ol hcad at the entrance Lo the
nmUth_'ECE: depending upon the type of orifice. This loss of head sometimes reduces the
cocfficient of discharge up to 0.82. But for all practical purposes. the value of Cy is laken as

0.855.
The coefficient of discharge for an external mouthpiece also depends on its length.

The coefficient of discharge will decrease with the increase in length due to grealer rictional
resistance in the mouthpicce. The following table shows lhe decrease in the coefficient of
discharge with increase in the length of the mouthpiece.

Length of mouthpicee 3d 5d 10l 254 50d
Coellicient ol discharge 0.81 0.79 0.77 0.71 .64

Example 10.6

Find out the discharge from a 100 mm diamcler external mouthpicee, fitted to the

sides of a large vessel, if the head over the mouthpiece is 4 m.

Solution Given, d= 100 mm =0.10m, [H=4m

T 0.10% = 0.007854 m*

. s
Area of the mouthpiece, A i dt = ’:

. Discharge from the mouthpiece
()=0.8554 [2ell = 0.855 % 0.007854 -.,I"-'Z 2O K15 =0.06051 m' 1y = 6651 liters [sce

Internal or Borda’s Mouthpicce :
A mouthpiece having its end projecting into the liquid, i.e. inside the vessel is known

as an internal or re-cntrant or inward-projecting mouthpicce (Fig. 10.7). It is also known as
the Borda’s mouthpicce after the French scientist Jean Charles Borda who showed that the
coefficient of contraction for such a mouthpicee {or anideal fuid is 0.50.

(a) Running free | (b) Running lull

Fig. 10.7 Borda’s mouthpicce
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ITthe jet after contraction expands but does not touch the sides ol the mouthpicee, it is
said (o he running free (Fig. 10.7a). But il the jet alter contraction expands and (il up the
whaole mouthpicee, it is said o be ranning Tull (Fig. 10.70) 10 has been Townd experimentally
hat, il the length of the mouthpicee is less than 3 times the diameter of the orifice, itwill ruy
free. But il the length of the mouthpicee is more than 3 times the diameter ol the orilice. it
will run full. The coefficient of discharge will be different in the two cases.

(1) Mouthpiece running free: With reference to Fig. 10.7a. let F be the head of
liquid above the mouthpiece, a be the area of the contracted section, A'bc the arca of e
orifice or mouthpiece and V be the velocity of the jet at the contracted section.

Now, pressure of the liquid in the mouthpiece, p = 3/ and the force acting on the

mouthpicce 4
. = pressurex arca = yHx A =yl 1A (10.45)
Mass ol liquid flowing per sce
= paV .
. Momentum of the flowing liquid per second
= Mass x velocity = paV xV = paV? (i{].t!ﬁll
Since water is initially at rest, initial momentum = 0 and therefore the chanac of
momentum ‘
= pal? : - (10.47)

According to Newton’s sccond law ol mation, the force is equal to the rate of change
ol momentum. Thercfore, cquating Eqs. (10.45) and (10.47), we pet

2
yHA = paV? or - =K ¢y =pg)
- g
g or S _
L=k —xA=— (- for an ideal fluid, H =) N
2g g 2g
A=2a
. Coefficient of contraction, G Ll - 0.5 (10.48)
A 2u '

For an ideal fluid, the coefficient of velocity, C, = 1. So, the coefficient of discharge

C,=C,xC, =Ix0.5=0.5 (10.49)

50 =C,A2gH =0.54,2ghe (10.50)

Equation (10.50) gilvcs the actual discharge through a Borda's mouthpicce when running frec.

" (2) Mouthpicee running full; With relere
the jet at the vena contracta and V be the velocity
al,. = AV

nee to Fig, 10.7h, lel Ve be the velocity off
al the outlet, Since the How is continuous

or

By e (10.51)
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. We have seen carlier that the coefTicient of contraction (or the Borda’s mouhpiece is
0.5. Therefore, substituting a/A = 0.5, we obtain
V. =2v (1052)

tl ?|:1c jet after passing through scetion 1-1 suddenly enlarges al section 2-2. “Therelore,
IFFC will be a loss of head due to sudden enlargement, given by

p =WV _@r-vy v

v 4 {(10.573)
28 2g 2g
Applyu:g the energy equation between points A and B, we gel
1 2 2
sl e i B
2g 2g 2z g
"V =.lgH (10.54)

. Actual discharge— Q = A[gl/ . But the theoretical discharge, Q, =4yJ2gH.
Therefore, the cocfficient ol discharpe

_ Actual discharge AJgll I
;= —— - = =-—=0.707
Theoretical discharge  Af2gll 2
5 Q=C,A2gH =0.707 4\[2gH—— (10.53)

Equation (10.55) gives the actual discharge through a Borda's mouthpiece when running full.
We sec that the coefficient of discharge of an internal mouthpiece is less thaf that of
an external mouthpiece. The reason is that in the case of external mouthpiece the liquid
particles have to deviate through a maximum angle of 90°. But in the case of internal
mouthpiece, the liquid particles have o deviate by as much as 180", Duc lo more angle of
deviation of the liquid particles, the contraction of the jet is more in the case of interal
mouthpicee than that in the case of external manthpicee. So, the coelTicient ol contraction €
and the coeflicient of discharge Cy for an internal mouthpicee are less than those Tor an

external mouthpicce.
We also sec that the discharge is more when a mouthpiece is running full than the

discharge when a mouthpicce is running free. This is because when a mouthpiece is running
full, négative pressure is crealed at the vena contracta which increases the discharge.

Example 10.7
A Borda’s mouthpicce of 100 mm in diameler discharges water under a head ol 4 m.

Find the discharge in lilers per second through the mouthpicee, when the mouthpicee is ()
running (ree, and (b) running full.
Solution We have, d = 100 mm = 0.1 m, H=4m
; g m
Area of the mouthpicce, 4= Edz = Ex{},m’ =0.007854 m*

(a) When the mouthpiece is running free

0=0.54 [2gH = 0.5x0.007854 xv2x9.81x4d

—0.0348 m’/s = 34.8 liters/scc
(b) When the mouthpicce is running full
0 =0.707 A2gH = 0.707%0.007854 J2x9.81%4

—0.0492 m*/s = 49.2 lilers/sce
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@ OW THROUGH NOZZLES

Introduction

A nozzle is a tapering mouthpiece, fitted to the outlet cnd of a pipe. Itis generally
used lo have a high velocity of water, as it converls the total head of waler into velocily or
kinctic  head. A high velocity of water is required in firc fighting, mining and Py

v developments. Nozzles are used at the end ol hose pipes and in some forms f._:l turhincs. m
the pressure of the jet issuing from the nozzle is atmospheric, the whole of the cnqu;s
kinetic. The loss of energy in the nozzle itsclf is small compared with the frictional loss in the
pipe to which the nozzle is fitted and may be neglected.

Velocity of Water through a Nozzle : . .
Consider a nozzle BC fitted at the end of a pipc AB llu'a.mgh_whlcl'. 1t\mlcr 18 ﬂu_wmg
(Fig.10.8). Let L, d and f are the length, diameter and friction factor for the pipe AB, V I ILW'
velocity of water in the pipe AB, v is the velocily of water _through the nozzle, D is the
diameter of the nozzle and H is the tolal head of water under which the flow takes place.

A L e
T N I - &
5 U - e ===
J [>~D |
< L ?
i
Fig. 10.8 A nozzle
Then, the area of the pipc AB is :
A :%d'z . , - (10.56)
and the arca of the nozzle at C is
T 2
== 10.57
o 4 { )
Since the flow is continuous, the discharge
Q=AV =av or, i (10.58)
A A . .
“b We know that the loss of head due to friction in the pipc AB i
L¥* o |
e fal '
i 175 (10.59) | ]
~and the loss of head duc to velocity at outlet
=g (10.60)

oS

Assuming that the minor losses

) ‘ . are negligible and the wtal available head of walter is
lost while lowing through the pipe and

the nozzle, we can write i |

H = Loss of head duc to friction + Loss of head due to velocity at outlet ! l
2
v
= h 4 —_ ;
7 22 | (10.61) ;
Using Eqs.(10.58) and (10.59), Eq. (10.61) becomes d

LVE P L (u’v’] el o g
1= --—-I*—-—-='_,"——*—— i s 8 Lo
q fr." 20 28 Tdg\ A 28 2g f"»",[z +|] (10.62)
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v [— 287 (10.63)
L+ f 5t
- x e
: o /fz
Equation (10.63) gives the velocity of water through a nozsle.

Example 10.8

~ A pipe 3.2 km long and 90 ¢m in diameter is fitted with a nozzle of 20 em diameler at
the discharge end. Find (he velocity of water through the nozzle il the head of water is S0 .
Take f=0.024 for the pipe.

Solution Here, L =32 km = 3200 m, d = 90 ¢cm = 0.90 m,D=20cm=0.20m, H=50m,
= 0.024

Arca ol the pipe, A = gd‘" = E x0.90% = 0.6362 m?
L i | CT— T sy N : z
Arca ol the nozle, o = T D = = *0.20° =0.03 14

Using Eq.(10.63), we obtain

20 :

. i hifuloxsﬂﬂsu' S
o a-
I+ f=x— b4 002 e o 2 TR
d A* 0.90 0.6362°

Transmission of Power through a Nozzle
We know that the kinetic encrgy ol the jet through the nozzle
2
‘J

m-kg/s
. Power available at the outlet of the jet

2 F
Pacl¥ g0 (. 1 h.p.= 75 m-kgfs) (10.64)
2ex 75 :
Using Eq.(10.61), we obtain
2

v

—=H=h,
2g : :
. Power transmitted through the nozzle is given by

P:M .h..U‘. {lﬂ‘ﬁﬁ}
75

=£[H_f£ﬁJ (10.67)
75 S

and using Eq.(10.58) |
.2
P JPE{H *%[QA: H h.p. (10.68) -

(10.65)

75

Example 10.9
Watcr is supplied to a hydro-clectric plant at the rate of 00 liters/see under a head of

250 m through a pipeline 3.2 km long and 500 mm in diameter, The pipeline ends in a nozzle
of diameter 200 mm. Find the power that can be transmitted, if" [ for the pipe is 0.040.

Solution  We have, Q =500 liters/sec = 0.50 m/s, H =250 m.L=32km=3200m,d=
500 mm =0.50m, D=200mm=0.20m, = 0.040
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Area of the pipe, 4 =i;.<.“ =%x 0.50 =0.1963 m?
i £

Velocity ol water through the pipe, ¥ = E": = 0[2323 = 2547 mls
2 2
f—fiV =0.040%x 220, 2547 _ ¢4 6526
d2g 050 2x9.8I

USillg Eq.(10.66), the power that can be transmitted is given by

po QU D) 1000x0.50x(250-84.6526) _ 100 17 1 o |
75 75

Efficiency of Power Transmission through a Nozzle
We know that power available at the outlet of the nozzle

-2
2g %75
and power available at the inlet of the pipe
_0H 1
EE ; |
- Efficiency of power transmission ,
1
o r
Power availahle at the outler of .:.:':_e_r.m:z.-'c_ 3 2y L (10.69) 1
- Power availuble at the inlet of the pipe }Q:’.’ 2pll 1 i
75

Condition for Maximum Transmission of Power =
The power transmitted will be maximum when dP/dv =0. From Eq.(10.68) Il is scen

that dP/dv will be zero when : I
d 3 T
o (7B L
dv_?S 2d " 4 ] l
or, :
b !
i }t: H _‘_’fL_- G'_'l.r'n =)
dv | 75 2ed AP l
or,
' 1.3
IR B o A |
2gd A}
or, '
Lyt | i
H-3 _f-——]- [,rf,:i"] |
d2g A
ar,
4
H=3h, =0 ( n=rL¥V’
d 24
gt bl . J
...’lf —? . (10.70)

This means that the power transmitted through the nozzle is maximum when the loss
of head due to friction in the pipe isequal to 1/3 of the tota] supply head.
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Example 10,19

A pipe 75 mm in diameter

the dischargc end. If the total he
Take F= 0.040.,

and 250 m long has a nozzle ol 25 mm in diameter li[l_cd al
ad of water is 40 m, find the maximum power transmitted.

Solution Here, d = 75 MM =0.075m, [, = 25n mo D =25 mm = 0,025 0 1 - i m, [ :-
0.040

Area ol'the Pipe, A= f,ﬁ el x0.075% - 0.0044 1,
. .1

We know that for maximum transmission of power, the loss due to friction is 1/3 of
the total head.
h H 40
S —=—py
77373

Now,

or,

2
— =0.040 -—?'—5-—{-}_. 0

________—-——_______-
3 0075 2. 9.81x0.00442

from which we obtain Q = 0.0061 ms. Now, using Eq.

.ﬂ[}ﬁ]x(ﬁi _%_OJ

(10.66)

1000
P= }Q(H‘!I,r)

=2.17 h.p.
75 5
Walgr Hﬁmm

If water,

the water pipes of ordinary
The sudden rise of pressure has the cllect of
and thus is known as the hammer blow or

dwelling houses ifthe tap is turned off quickly,
hammcri_ng aclion on the walls of the pipe, aler

hammer, Sometimes, (he hammer blow s so high that it may even burst the pipe. It is thog
obvious that (he valves of the pipelines should always be closed gradually,

EIRS

chcriplinn

A weir (Fig. 10.9) is an overflow structure built across gy
the flow, Weirs may be rectangular, triangular, trapezoidal, circular, parabolic or any other
which the flowing liquid comes in contact is
clerence to the form of the crest, woirs may be
sted weir has 3 sharp upstream edge so formed

open channel (g meastre

lermed the crest of the weir, Classified with
sharp-crested of broad-crested. The sharp-cre
That the liquid in passing touches only a line,

he broad-crested weir has either a sharp upstream edpe or
ASsing comes in contac( with a surfhee.

L

acrest so broad that the liquid in
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A

Drop-dovin cun‘c\-

|

Chln“ﬂi ‘Uﬂd

FFig. 10.9 Flow over a sharp-crested weir

s submerged. 17 the water surlace

HY . I o 5 ‘-cu {
The Mow over a weir may be cither N T e e

downstream [rom the weir is lower lhurt the crest, lllu,
surface is higher than the crest, the flow is submerged. ritn sharpecqndind Wi ,
The overflowing stream is termed the nappe. The napp

contracted at its underside by the action of the vertica% cmnpolnc'“_ dOf \:ﬁ;:yxi:il :.E“h?::;
from thé weir. This is called vertical or €767 e ]gtll lc:1151:: f.:'.Sr.w.:ir is said Lo have end
sharp upstream cdges so that the nappe is contracted in widih. the width of the
contractions. A weir having its width (transverse to the flow) eq‘ual Lod cr S
channel, so that only vertical contraction of the nappe takes places, 1S -:;alich A “‘f"{" ci‘:at o
full-width weir. When the width of the weir is Les§ lha‘n the width c.)f!.hc c ﬂl}&“‘- '-':0 i
nappe contracts both in the vertical and lateral dircctions, the weir is lermed a c:?'“ '
weir, e N A
There is a downward curvature of the surface of the liquid in the v.u.:ml.ly ol i_hc welir
which is called the drop-down curve. The vertical distance 1 between the liquid surface an_d
the crest of the weir, measured far enough upstream to be beyond the drop-down curve. 1s
called the head, and the mean velocity in this channcl is called the velocity of approaci. The
height P of the weir is the vertical distance of the crest above the bottom of the channel.

Typical path lincs of Mlow over a sharp-crested weir are shown in Fig. 10.9. The paths
arc approximately parallel until they reach a point about 6 times (he head upstream from the
weir. From this point they gradually curve upward to pass over the crest. There is a dead
waler region al the corner just upstream of the weir,

The crest of a sharp-crested weir is not necessarily knifc-edged. In practice, the crest
length of 1 mm to 2 mm in the dircetion of low is provided and the downstream end is
beveled at an angle of 45" to 60", In this casc, Energy_line
the flow springs clear of the weir body ———— — —g~—~7 7
downstream ol the weir and an air pocket s k O
formed bencath the nappe from which air is \/ A |
continuously removed by the overflowing jet. — _*— 8 ;
As the flow continues, the pressure in the air P ¢
pocket falls below the atmospheric pressure and
the nappe is depressed, For flow measurement, *
the atmospheric pressure is maintained in the air
pocket through the provision of air vents (Fig.

10.10).

L e Ry

Fig. 1010 Free Nuw over a reclangulin
sharp-crested suppressed weir
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Free ' : . ; : X

rect n{:“‘ EU"SIdET a reclangylar sharp-crested weir spanning the full widgy | of a
assi.ngu arc ]anncl as shown jp Fig. 10.10. 1t js assumed that the Now does not conlract as j
Passes over the iy and the pressure s atmospheric across the wihole seclion AD, The

velocity at an;i depth h belgy, the energy Jine is cqual lo \2¢h and the discharge througly an
clementary strip of thicknegs dh is piven by

dQ=p Vagh dh

(!ﬂ.ﬂ]
The tota] discharge Qs then
,“ym.,zx 5 " e 1.5 p 15
Q:bJZg Iv&;(ﬂ: =§.\J2gb[[ff+-ﬁ——-] -—(—-—J (IU.?EJ
Flraa & 2g
) pr s pr '
SeNeg bR T2 - —
3V [( +2;;n] (2;;::] | M)
whiere - .
__ 0
V"b(H+P} T

is the approach velocity.

The effect of flow contraction is taken into account by a coefficient of contraction C,.

Then
2 2 1.5 2 I.5 )
Q=-C2gsr's([1+ V2 ) (vt (10.75)
3 2eH 2gH
Inlrnducing a discharge coefTicient Cu. Eq.(10.75) can be wrillen in a more compacl lonm as
0= ;Cd,!zg hil's O (10.76)
where
[ 15 .
V2 VZ
Coe g ol af ¥ (10.77)
2gH 2gH

[f the Reynolds number of the flow js sufficiently high and the upstream depth H js a
least 0.11 1, so that the surface tension and viscosity cffects are negligible, then Cy becomes
independent of the Reynolds and Weber numbers and depends only on the ratio /P, The

Variation of C, for rectangular sharp-crested weirs is given with satisfactory aceuracy using
the well-known Rehback formula

Ca=0.611+0.08 H/p o (10.78)

Which is valid for H/p < 5. | |

When P becomes very large, Cy becomes equal 1o 0,1 L. Since in this case V3211
becomes hegligibly small, Eq.(10.77) shows that Cealso becomes equal to 0.61 1,
S"hmerged flow: The discharge over a broad-crested wejr s alfected by the tailwater lovel
! dDWnstrcam of the weir if it is above the weir crey. Such a Now i called a submerged Nlow,
nder submerged conditions, the discharge over the weir depends on the submergence ratio
y/H, (Fig. 10.11), and s given by the Villemonte eenation
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0,385

iy (10.79) |
o A L
0.-0 [HI)

i «nonent of head in
where Q is the free-llow discharge under head Hy (Eq.(] 0.76) *"1“‘ ¢ n_c._lhlc;:ﬂ:zlﬂ for triangular
the head-discharge relationship Q = kH". For rectangular welrs, n= 12 ¢
weirs, n = 2.5, . : "the weir

“To ensure free flow over a broad-crcstcd weir, the waler level downslream ol
must be kept a few centimelers below the weir crest.

Rectangular sharp-crested contracted weir _ . — .
%“ a contracted weir (Fig.10.12), the effective width of the weir (transverse 10 the

dircction of flow) is reduced and is given by the well-known Francis formila
10.80
B.=B-0.InH Ll

where B is the width of the weir and n is the number of end contragltons. [he :c!_u‘scharrgc
cquation for a contracled weir may be developed in the smnc.way as [Pr a srtp!aru:igu'clr'u:‘cir‘
However, Kindsvater and Carter (1957). hased un their exlensive uxpunmcnl.ll “WL.}‘Uj'd mln.r
modificd the theoretical cquation so that it would apply to all |-|;ciung,u'lar ghm.p_rcr‘a\l'% e
regardless of whether they are supprusscd or contracted. The cquation for discharge over @
sharp-crested weir is

]
!

W

W!Jo‘d‘?f{fi’fﬂl{i!-"!J'fo'l!.r’ff.’a'.f

Fig. 10.11 Submergf;d sharp-crested weir . Fig. 10.12 Weir with end conlraclions

0=2C, 2 B.H." o (10.81)

where Cyc is the ofteetive cocfficient of discharge and B, and He arc the elfective width and
head of the weir, and

Coo = Kyt K2 X % | (1082)
B,=B+Ky (10820)
He= H+Ky _ ) Lo =

where the paramelers KK, and Ky represent the combined cffects of viscosity and surface
lension on the flow. Usually Ky is taken to be cqual to 0.001 m. The parameters Ki. R and
K, which depend on B/b, are given in Table 10.1. . : i»

: T 1
134 gl % b
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Table 10, Values of Ky, Ky and K, for broad-crested wejrs
(Kindsvater and Carler, | 957)
T K, I, K,

100602 00755 g oo

g 0.599 0.0640 0.0037

0.8 0597 0.0450  0.0043

0.7 0595 0.0300  0.004]

0.6 0.593 0.0180 0.0037

0.5 059> 0.0110  0.0030

. 04 0.59] 0.0058 0.0027

0.3 0.590 0.0020 0.0025

0.2 0.589 -0.0014 0.0024

0.1 0.584 -0.0021 0.0024

-_____-_-_-____———______-__‘———-_.___--.—-.-_._—._--_..‘.‘. THE e ——
Example 10,17 '
A rectangular sharp-crested

o ; weir Spanning the full widy]; ol arectangular channel 2 m
wide is I m high. Compute the discl

1arge over the weir under AN upstream head of 0.75 1.

Solution Rectangular channel, b =2 M P=1m H= 0.75m
Ci=0.61 14+0.08H/p = 0.61 1+0.08 x0.75/] = 0.671

SO = %C,,,;zg bIf"? :;—xﬂ.ﬁ?f *2%9.8] x2x0.75"5 = 2574m’ 1 &

¥
Example 1 0.12

Compute the discharge over 4 sharp-crested contracted wejr |

m wide and | m high
sctina rectangular channel 2 wide if the head over the weir is 0.75

m.

Solution We have, b =2 mB=1mP=] m, H=0.75m,K, = 0.001 m

E:-!—‘:ﬂ*ﬁ{}
b 2

. From Table 10.1, K, = 0592, K2=0.0110 and K, = 0,003¢
A Sl lqzx—ii =0.592 + (.01 10 ﬂlfi = 0.60025

B.=D+ Ky=1 +0.0030 = 1.0030 m
He=H1 + Kn= 0.75 + 0.001 =0.751

L= %cﬁ,fzgauyc” ” %x 0-60025x 259,81 x1.0030% 07511 <111 ot /4

Triangylay Weirs

The triangular weir s also known as the V-notch
Veir, Figure 10.13 Teépresents a triangular wejr over f": cﬂ;

hich a liquid is flowing. The measured head, j.c, the
Ight of (e liquid surface above the apex” of the w.:,
b The sides make cqual angles with the v el
l From the Beometry of the figurs, we fing that
CWidth of (he Welr 1t 'L watn; surface Notch

= 2H Lan /2 " Fig.10.13 Triangular or V-noteh weir
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and the arca of the strip

=200 - h) an 072 x dh
Neglecting the velocity of approach and (he friction loss., (e theoretical velocity ol water

through the strip is 2¢h and the theoretical discharpe is

dQ, = 2(H - h)tan —g x dhx2gh

The total discharge over the entire wei
equation between the limits 0and H.

(10.83)

¢ may be obtained by intcgrating the above

H
c & 0 ps (10.84)
ng, = jAia - - == fogtan—H
¢} iz{n fytan S2gh o =528 41
Introducing a discharge cocfficient Cy. the actual discharge
' (10.85)

8 . qg—. 0
)= 2,2tz H
f— IS :."J &8 ) 2

The most common angle of a triangular weir is
formula for discharge becomes i

(10.80)

90" for which Cg = 0.60. Hence, the

0=1417TH%

——

Example 10.13 ] i
A right-angled triangular weir is used to measure the discharge in an open channel. If

the depth of water is 200 mm, calculate the discharge over the weir in liters per sec. Assume l

Ca=0.62. '

Solution We have, 0= 90°, H =200 mm =0.20 m, Cy=10.62 l
=-]§§Cl, 2g l'zum%h*"Li ='F—5x0.62x42x9.81 « tand5® x0.20%" m' [y

= 0.0262 m*/s = 26.2 liters/sec _ [

PROBLEMS AND EXERCISES |

10.1 What is the use of a Pitot tube? What is the basic principlc on which @ Pitot tube works?
How can a Pitot tube be used Lo oblain the velocity head in aclosed pipe? I

10.2 What is the use of a Venturimeler? State the principle on which @ Venturimeter works.
10.3 What is the use of an orifice? State the principle on which an orifice works.

10.4 What do you mean by the coelficient of contraction, the coefficient of velocity and the
cocfficient of discharge of an orifice? What are heir ranges of values and the average values’
Desciiiz how can you determine them experimentally.

10.5 How docs a mouthpice inarcase the discharge of an orifice? Show (hat the cacfficient
of digcharge for an oxternal mouthpree, {1.%55.

a's mouthpicee? Show that the cuuienl ol discharge for a Borda’s

10.6 What is & Bard cee? .
hen running [ree, and (i1) 0.707 when running full.

mouthpicee is (1) 0.50 w

|

ki

J

i

Sk , d
A 5 . é
|
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10 7 Ex lai P
2 AN w . - i .. ; '
o an fni}crna: "hy (n lﬁu.. coeflicient ol discharge for an external mouthpicee is more li.tan l{:‘;i
outhpicce, ang (ii) the discharge is more when a mouthpicee 1s running lu

than the dj y
discharge wien the mouthpicee js running free.

10.8 What is 1%
: 4 nozzle? State jis y ‘ ition I i transmission of
) 5€s. De lor maximum trans
power through a nozze. Derive the condition :

:gié?haf-ls "!F use of a weir? What is the difference between (i) sharp-crested and broad-
welrs, (i) free and submerged weirs, (i) suppressed and contracted weirs?

[I:?E;I{?‘ "'.:_r"hat do e get from (i) the Rehbock formula, (ii) the Villemonte formula, (i) the
AC1s tormula, and (iv) (he Kindsvater and Carter formula?

10.11" Derive the formula for theoretical discharge over a triangular or V-notch weir.

10.12 A Pitot tube is placed in water as shown in Fig. 10.1 and the velacity of stream
‘-’F'Stfl'ﬂa;n of the tube is 2 m/s. How much the water will rise in the tube above the free waler
surface?

10.13 A submarine moves horizontally in sea and has its axis 15 m below the surface of
water. A Pilot tube properly placed dust in front of submarine and along its axis is connceled
to the two limbs of a U-tube containing g, The difTerence in He level is Tound to be 17 em,
IFind the speed ol the submarine, i the density of Hg is 136 and thit of sea waler is 1.026,

10.14 Calculate the Mow of water in litersfsce through a 40 cm»15 cm horizontal
Venturimeter, when the differential gauge connecled to the inlet end of the meter and its
throat shows 25 em of Hg. Assume the discharge coefficient as 0.98.

10.15 A Venturimeter having a throat diameter of 15 cm is connected 1o a 30 em diameter
pipe running full of waler. It is laid in an inclined position. An inclined U-tube manometer
with measuring liquid of specific gravity 0.6 is used to measure pressure difference. Calculate
the rate of flow in the pipe if the reading given by the manometer is 30 cm and the losses
between inlet and throat is 0.2 time the velocity head in the pipe.

10.16 A circular orifice 4 cm in diameler is discharging water under @ head of 3 m. Compute
(i) the theoretical discharge through the orifice, (ii) the actual discharge through the orifice,
(iii) the theoretical velocity of the jet al the vena contracty, (iv) the actual velocity of the jet at
the vena contracta, and (v) the diameter of the jet at (he vena contracta. Take C; = 0.64 and

Cy=0.97 for the orifice. .

10.17 A circular orifice 4 cm in diameter is discharging water under g head of 6 m. The
actual discharge through the orifice is 516 liters per minute. The coordinates of the center line
ofthe jet are 120 cm horizontally and 6.40 cm vertically below the center line of the orifice.

Compute the orifice coefficients Ce, C, and Cy. _

10.18 The actual discharge through an cxtcrnal mouthpicee 9 ¢im in diameler, fitted to the
sides of a large tank, is 60 liters/scc. Determine the head over the mouthpicee,

10.19 An internal mouthpiece of 100 mm diameter discharges water under a head of 4 m.
Taking C, equal to 0.64, calculate the coefficient of discharge, when the mouthpicee is

running full and the only loss is due to sudden enlargement,

137
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10.20(a) An external mouthpicee of' S ¢m in diameler discharges walter under a head of 5 m.
Find the discharge in lilers/scc. :

(b) A Borda’s mouthpicce of 5 cm in diameter discharges water under a heead of 5 em.
Find the discharge in liters/sec when the mouthpiece is (i) running frec. and (i) running full

10.21 A pipe 100 mm in diameter and 1 km long is [itied with a nozzlc 23 mm in dm_m-:l-:r al
its discharge cnd. The total head of water is S0 m and the friction factor for the pipe is 0.030.
Determine (i) the velocity of flow through the nozzle, (ii) the velocity of flow through the
pipe, (iii) the power that can be transmitted, (iv) the efficiency, (v) the maximum power that
can be transmitted, and (vi) the efficiency for the maximum power transmission.

10.22 A rectangular sharp-crested weir spanning the (ull width of a rectangular gh;mnci Im
wide is | m high. Compute the discharge over the weir under an upstream head ol 0.50 m.

10.23 Compute the discharge over a rectangular sharp-crested contragta_d weir 3 m wide and
I'm high set in a rectangular channel 4 m wide il the head over the weir is 0.50 m.

10.24 Compute the discharge in liters per minute over a 90" V-notch weir under a head ol 250
mm if Cy = 0.60.

hhkkEER

TR SBIRIE
STUDENT PHOTOSTAT
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b /aare
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ANSWERS TO THE PROBLEMS

Chiapter !

wlwuj kgfm' (i) 979264 Bt (i) 0,001 N sim® o giv) 1 002X TR
I Mz.l‘”‘ 'S Nhu' (w1} DOT72X NAn
G g 10 'Yy 14 200 M~/ L1 - 2,52 wim
: Tl-(lﬂ} 0.74x 107 m¥s (1) 0.65 Mim'  {¢) 0.65 MAR () On the upper plate in e negative 3 discclion and o e Bewer plake o e pesitive

il
:':?lﬂlg}m N/m! (in the negative x dircction), 1.256 N

113 dw/dy =0, 1.53.4.5,6 /sand t=0,0.0015, 0.003, 0.0045, 0.006 N/’

Chapter 2

17 10.19 m of waler 2.8 981 kN/m*  2.9(i) 10.34 mofwater (i} 101.40 kN/m?

210¢) 147.15 kNfm® (ii) 11557 kN (iii) puas = 147.15 KN/, Py = 0. v, = 73.57 N/
(iv) 34,670 kN i

111 4290 cm 2.12 60.04 kN 2,14 4.205m 2,15 2330 kg, 49" 57"

1161 =25000 kg, Py=7140kg 2.17 57220 kg, 51" 52" 2.18 90861 kg (891.2 kN), 37" 3¢

Chapter 3

151212 kg JGN02m'  ()033m

1.7 GM = =095 m, Cannol Toal verlically (unstalle cyuilibenny XK 1,230 m
Chapter 4

45(2) 1720 liters  (b) 27.59 kN, 13.26 kN 4.6 2.815 kg/m!

17(a)(i) 187.62 kN, (ii) 62.54 kN (b)(i) 250,155 kN, (i) 0 4.8 12.46 kN, 16.97 KN/
19214l m

Chapter §

54 10 mis 5.5 Irrotational 56 16 m/s?, 1 mis’

Chapter 6

570318 mYs, 4.5 mds, 1UEGm/s C 68 v =-Axe =2y~ 2eM3 0 gy

510 10,000 kg/m® (1 kgfem™) 6,11 270, 1.50 6.12 0.34 m of water, 592 kN
131593 m, 0,44194 N G.14 2pAV?

Chapter 7

1.5 (a) Dimensionally homogencous  (b) Not dimensionally homogencous
17Q=C(apM(D%w) 7813m/s 7.9 20m/s,532m  7.10 0.00082 kglem®

Chapter 8

19 Laninar 8.10 18276 m 8.12 66.4 litersfsec

§13 go27 B.14 0.026 815 d4cm

Chaprer 9

570,206 mYs 9.8 12659 m 99(a) 12.50 m  (L)6T5547 m (c) 37.72 cm

i-'ﬂ 126 m's 9.11 028 m¥%s 9.12 2051 m 9.13(a) 1704.30 litersinin (h) 445,50 liters/min
I'I 4 -"{'ﬁ the second adjustment $9.08 m'/s and 1.97 m"s clockwise and 41,92 m"/s anticlockwise in the first lnop and 31,22 m's clockwise and
9T u'fs and 43.89 in"/s anticlockwise in the sccond loop 9,15 @, = 0,54 m'fs, Qp = 042 m¥sand @y =0.12m's

Cha per 10

:g.llzrmn u:-.:’:t 2 kmMour 10,14 0.137 liters/see 10,15 27.8 liters/see

m-ll&{-]u.m%-n mifs (i) 0.0060 mYs (i) 767 mds  (iv) TAd s (v) 1.2 em

!u'z? Ce=0.65.C,=097,C,=063  10.18 6205m 1019 087

m-l?m lﬁ.ﬁ3lllcrsf_s_uc (b)) 9.73 liters/see (i) 13.75 liters/sec

> ) 7.048 m/s (ii) 0.4405 mfs (iii) 2.170 h.p. (iv) 5.06% (v)3.644 hp. (vi) 28.44%
222.09m's 1023 193 w's 1024 2657 67 litersiminute
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